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Preface 

The aim of this book is to give an exposition of a part of the theory of 
Jordan algebras, using linear algebraic groups. That such groups playa 
role in Jordan algebra theory is a well-established fact, pointed out, 
for example, by H. Braun and M. Koecher in their book "Jordan 
Algebren". We have tried to exploit that fact as much as possible. In 
particular, the classification of simple Jordan algebras is derived here 
from the Cartan-Chevalley theory of semi-simple linear algebraic groups 
and their irreducible representations. 

The first part of the book (until § 11) is, in the main, of an elementary 
character. It contains part of the basic theory of finite dimensional 
Jordan algebras with identity. But these appear in disguise: instead of 
Jordan algebras we use the "J-structures", introduced in §l. The notion 
of a J-structure contains an axiomatization of the notion of inverse. 
The algebraic group which is central in the theory, the so-called structure 
group (introduced by Koecher), enters already in the definition of J
structures. 

If the characteristic is not 2, a J-structure is essentially the same thing 
as a Jordan algebra (as is established in §6). One of the advantages of 
J-structures is that the characteristic 2 case needs no special care, at 
least in the elementary theory. This is not so in Jordan algebra theory, 
where in characteristic 2 the so-called quadratic Jordan algebras come 
in. The relations between these and J-structures are discussed in §7. 
Examples of J-structures are discussed in §2 and §5. The "quadratic 
map", which is familiar from Jordan algebra theory, is introduced in 
§ 3. It plays an important role. In particular, we use it in § 10 for a group
theoretical version of the Peirce decomposition with respect to an 
idempotent element. 

In § 11 a classification problem for semisimple groups is solved. This 
solution leads quickly to the classification of simple J-structures over 
algebraically closed fields of characteristic not 2 in § 12. The more 
troublesome characteristic 2 case is dealt with in § 13. In § 14 we then 
discuss the explicit determination of the structure group of the various 
simple J-structures, as well as the related Lie algebras (which are in-
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troduced in §4). § 15 deals with the classification of J-structures over 
fields which are not algebraically closed. §O contains some preliminary 
material, for example about polynomial and rational maps of a vector 
space. 

The notes at the end of the sections contain various remarks and 
references to the literature. In the latter we have not attempted to 
achieve completeness. Nor does the bibliography at the end of the book 
claim to be comprehensive (more complete references are given in the 
books of Braun-Koecher and Jacobson, quoted in the bibliography). 

References to the bibliography are given in square brackets. Formulas 
are numbered consecutively in the sections, §x, (y) means formula (y) 
of §x. 

I am grateful to F. D. Veldkamp for a number of critical remarks 
and to Miss J. van der Mars for the preparation of the manuscript. 

Utrecht, December 1972 
T. A. Springer 
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§ O. Preliminaries 

0.1 Algebraic geometry, algebraic groups. We shall make use of language 
and results of algebraic geometry and the theory of linear algebraic 
groups. In the first ten sections what we need is mainly elementary. In 
fact, the less elementary parts (e. g. the end of § 2 from 2.21 on, and 4.10) 
are there as examples or are only needed in the later sections. From § 11 
on we have to use, however, the theory of semisimple groups and their 
root systems. The reader is then assumed to be familiar with these matters. 

As a standard reference for the theory of linear algebraic groups 
we have used Borel's book [1]. This also contains a good resume of 
algebraic geometry. [1] does not discuss the details of the theory of 
semisimple groups. Appropriate references will be given in the later 
sections. 

We shall now discuss a number of elementary notions and facts, 
which will be needed. 

0.2 Fields, vector spaces. In the sequel, K will always denote an alge
braically closed field, its characteristic char (K) is usually denoted by p. 
If k is a subfield of K then ks (resp. k) denotes a separable (resp. algebraic) 
closure of k in K. K* denotes the multiplicative group of K. 

Let V be a (non necessarily finite dimensional) vector space over K. 
We denote by GL(V) the group of all nonsingular linear transformations 
of V, this is a linear algebraic group, see [1, p.93-94]. We denote by 
End(V) the K-algebra of all K-linear endomorphisms of V. End (V), 
equipped with its natural Lie algebra structure, is written gI(V). This Lie 
algebra is identified with the Lie algebra of GL(V), see [1, 3.6, p. 130]. 
CGILn denotes the general linear group (see [loco cit., p.91]). If V is 
an n-dimensional vector space then GL(V) is isomorphic to CGILn • 

SL(V)c GL(V) is the special linear group, consisting of all linear trans
formations of V with determinant 1. §ILn is the corresponding subgroup 
ofGLn • 

k denoting a subfield of K, a k-structure on V is a k-module v,. c V 
such that the homomorphism K ® v,. ~ V, induced by the inclusion, is an 
isomorphism. See [1, 11.1, p.40] for further details. Occasionally, we 
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shall use k-structures on algebraic varieties. For this notion see [1, 
p.44-47]. 

0.3 Polynomial functions and maps. Let V be a finite dimensional vector 
space over K. We denote by K [V] the symmetric algebra on the dual 
V* of V. Recall that K [V] can be defined as the quotient of the tensor 
algebra T(V*) on V* by the two sided ideal generated by the elements 
x ® y - y ® x (x, yE V*). K [V] is commutative. 

Let (eJl;s;i;s;n be a basis of V, let (xi)l;s;i;s;n be the dual basis of V*. 
This means that xJe) = bij (Kronecker delta). The Xi are identified with 
their canonical images in K[V], we then have K[V]=K[Xl' ... ,xn]. 

The n elements Xi are algebraically independent over K, hence XiH Xi 
defines an isomorphism of K [V] onto the polynomial algebra 
K[Xl' ... , Xn] in n indeterminates (Xi)l;;;i;;;n' Let 

f= L a XiI Xin 
il ... in 1'" n 

ih ... , i"~O 

be an element of K [V]. We identify f with the function on V defined as 
n 

follows: if X = L ai eiE V, then 

(1) f(x) = L 
ih .... in~O 

Since f(x)=O for all XE V if and only if f =0, we may and shall identify 
K [V] with an algebra of functions on V (viz. the functions given by an 
expression (1)). We call the elements of K [V] polynomial functions on V. 

fEK[V] is homogeneous of degree n if f(ax)=an f(x) for aEK, XE V. 
Such f form a subspace K [V]" of K [V] and 

K[V] = EB K[V]" 
n~O 

is a grading of K [V]. 
If V has a k-structure (in the sense of 0.2) then f E K [V] is said to be 

defined over k if the following holds: taking (ei) to be a basis of Vkc V 
over k, then the coefficients ail ... in in (1) lie in k (this is independent of the 
choice of the basis of ~). Let K [V]k be the set of fEK [V] which are 
defined over k, then K [V]k defines a k-structure on K [V]. 

Let W be a second finite dimensional vector space. A map <jJ: V- W 
is called a polynomial map if, with respect to some basis of W, the coordi
nates of <jJ (x) are polynomial functions of x E V. The polynomial maps form 
a vector space K [V, W], which is a free K [V]-module, isomorphic to 
K[V]®K W We have K[V,K]=K[V]. K[V, W] is graded in the ob
vious manner. If V and W have k-structures, then there is an obvious 
way of defining a k-structure K [V, W]k on K [V, W]. 
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0.4 The Zariski topology. Let V be again a finite dimensional vector 
space over K. The Zariski topology on V is the topology whose closed 
sets are the algebraic subsets of V, i. e. the sets S c: V such that there exist 
a set ft, ··.,fd of polynomial'functions on V, with 

S = {XE Vlft (x)=··· = f:t(x)=O}. 

Topological notions will always be relative to the Zariski topology, 
Recall that nonempty open subsets of V are dense. Moreover any two 
such subsets have a nonempty intersection. 

0.5 Rational functions and maps. V being as before, let K (V) be the quo
tient field of K [V]. We call the elements of K (V) rational functions on V. 

Let f E K (V). There exist g, hE K [V] such that h =1= 0 and that 

(2) 

K[V] being isomorphic to a polynomial algebra K[Xl' ... , Xn], we 
have unique factorization in K [V]. It follows that there exists an ex
pression (2) such that g and h have no common factor of strictly positive 
degree. We call this a reduced expression off g is then called a numerator 
of f and h a denominator. They are unique up to a nonzero scalar factor. 
A denominator of f is a polynomial function h of minimal degree such 
that (2) holds. 

Let U be a nonempty open subset of V, let K [U] be the ring of func
tions f on U such that there exist g, hEK [V] with h(x) =1= 0 for all XE U 
and 

f(x)=g(x) h(X)-1 (XEU). 

The K [U] form an inductive system (via inclusion of U) and we can then 
identify K (V) with the inductive lim ind K [U], see [1, § 8, p. 35]. Hence 
we view rational functions on V as veritable functions defined in open 
subsets of V. We say that f E K (V) is defined in x or regular In x if there is 
an expression (2) with h(x) =1= O. We then put f(x) = g(x) h(X)-I. 

Let W be a second finite dimensional vector space. We put 

K(V, W)=K(V)®K[V)K[V, W], 

we call the elements of K (V, W) rational maps of V into W K (V, W) is a 
finite dimensional vector space over K(V), isomorphic to K(V)®K W 
If </>EK(V, W) then there exists a polynomial map t/tEK[V, W] and 
hEK [V] such that 

An h of minimal degree is called a denominator of </>, it is unique up 
to a nonzero scalar factor. t/t is called a numerator of </>. </> is said to be 
defined in x or regular in x if h(x)=t=O. We then write </>(x)=h(X)-1 t/t(x). 
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If Z is a third vector space, there is a composition map (cP, "') 1--+ cP 0 '" 

of K(W,Z)xK(V, W) to K(V,Z), defined in an obvious manner. In 
particular, one can compose rational maps of V into V. cPEK(V, V) is 
said to be birational if there exists", E K (V, V) such that'" 0 cP = cP 0 '" = id. 
The birational maps of V form a group. 

If V has a k-structure then f E K (V) is said to be defined over k if there 
is an expression (2), with g and h defined over k (caution: the fEK(V) 
which are defined over k do not provide a k-structure on the vector space 
K(V»). A similar definition can be given for fEK(V, W). 
We next discuss some special results about rational functions and maps. 

0.6 A lemma on polynomial functions. Let V be a finite dimensional 
vector space. Fix aE V. If fEK [V] we define for each XE V a polynomial 
function fx on K by 

fAt) = f(t a+ x). 

Let ft, ... , f. be s homogeneous polynomial functions on V, let g be a 
greatest common divisor of these polynomials. Since a divisor of a 
homogeneous polynomial function is again homogeneous, it follows 
that g is homogeneous. 

0.7 Lemma. There exists a nonempty open subset U of V such that for 
x E U we have that gx is a greatest common divisor of the polynomial func
tions (ft)x' ... , (f.)x· 

An induction shows that it suffices to consider the case s=2. We then 
may also assume g = 1. Let hx be a g.c.d. of(ft)x and (f2)x' Using Euclid's 
algorithm one sees that there exists a rational function h on K x V 
whose denominator is a polynomial function on V and a nonempty 
open subset U1 C V such that we may take 

hx(t)= h(t, x), 

ifxE U1• Then there exists g;EK(K, V) (i= 1, 2) such that 

!;(ta+x)=h(t, x) g;(t, x), 

if tE K, XE U1• Using Gauss' lemma it follows, replacing U1 by a suitable 
open subset, that we may assume that hand g; are polynomial functions. 
Putting t=O we conclude that h(O, x) must be a nonzero constant. 
Since h is homogeneous, it follows that h is constant. This implies that 
gx is constant for XE U, which proves 0.7. 

Now let W be another finite dimensional vector space, let cP be a 
rational map of V into W. Let g be a denominator of cPo Fix aE V. There 
is a nonempty open subset U1 of V such that for XE U1 we have that 

cPx(t) = cP(t a + x), 
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defines a rational map of K into W The next lemma is an immediate 
consequence of 0.7. 

O.S Lemma. There is a nonempty open subset U of V such that for XE U 
we have that r/Jx is a rational map of K into W with denominator gx' 

0.9 Differentiation of rational maps. Let K [[V]] be the ring of formal 
power series over K, let K «X)) be its quotient field. Since K [X] c K [[X]] 
there is a canonical injection lX of K (X) into K «X)). 

If W is a vector space, let W[[X]] = W®KK [[X]], W«X))= 
W®KK«X)). We write the elements of W[[X]] as formal power series 
with coefficients in Wand those of W«X)) as formal Laurent series, with 
finitely many negative powers of X, and with coefficients in W 

Now let V and W be two finite dimensional vector spaces, let 
r/JEK(V, W) be a rational map of V into W There is an open subset 
U =F 0 of V such that for x, yE U we have that 

tf-+r/J(x+ty) 

defines a rational map r/Jx,y of K into W Since the field of rational func
tions on K is isomorphic to K(X) (the isomorphism sending the identity 
map onto X), it follows that there is an isomorphism () of K (K, W) 
into W«X)). We write 

and we then have a formal series 

i> -5 

If r/J is a polynomial map of degree n, then 
n 

r/J(x+ty)= I, (di r/J)x(y)ti, 

if X, yE V, tEK. 
Moreover we have now (d°r/J)xCv)=r/J(x) and Yf-+(dir/J)x(Y) is for fixed 
x a polynomial map V --+ W, which is homogeneous of degree i. 
x f-+ (di r/J )Ay) is for fixed y a polynomial map of degree ~ n - i. 
Now let r/J be an arbitrary rational map and assume that r/J is defined in x. 
Let g (resp. h) denote a numerator (resp. a denominator) of r/J. We then 
have the identity of formal series 

h(x+ yX) r/J(x+ yX)=g(x+ yX), 

from which one finds that 

(3) I, W h)x(Y)' (db r/J)x(y)=(di g)x(Y)· 
Q+b=i 
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Since h(x)=!=O, it follows that (di(p}x(Y)=O if i<0, moreover (d°4>)Ay)= 
4> (x). (3) now readily implies that y H (di 4> )Ay) is a polynomial map which 
is homogeneous of degree i. 

We write (d4»x(y)=(d l 4»x(Y) and we call this the derivative of 4> in x, 
in the direction y. (d4»x is a linear map V --+ W, the differential of 4> in x. 
x H (d4»x is a rational map of V into the space of endomorphisms of V. 
The (di4»x(Y) (resp. the rational maps xH(di4»x) with i~2 are called 
the higher differentials of 4> in x, in the direction y (resp. the higher 
differentials of 4». 
The proof of the next two lemma's is left to the reader. 

0.10 Lemma. Let f be a rational function on V, let 4> be a rational map of 
V into W Assume that f and 4> are defined in x. Then f 4> is defined in x and 

It follows from 0.10 that, if ye V is fixed, the endomorphism Dy of K [V] 
given by 

is a derivation of K [V]. 

0.11 Lemma (chain rule). Let V, W, Z be three finite dimensional vector 
spaces. Let 4> and I/J be rational maps of W into Z and of V into W, respect
ively. Suppose that I/J is defined in xeV and that 4> is defined in I/J(x)eW 
Then the composite 4> 0 I/J is defined in x and 

(d (4) 0 I/J»)x = (d4»",(x) 0 (dI/J)x. 

0.12 Lemma. Let f be a rationalfunction on V such that (df)x=O whenever 
4> is defined in x. Then there exists a rational function It on V such that f = ft, 
where p=char(K). In particular, f is a constant polynomial map ijp=O. 

Let g (resp. h) denote a numerator (resp. a denominator) of f Since we 
have the usual formula for the derivative of quotients 

(d(h- 1 g»)x (y)=h(x)-1(dg)x(y)-h(x)-2 (dh)x(Y) . g(x), 

as follows from 0.10, the assumption implies that 

h(x)· (dg)x(Y) = (dh)x(Y) . g(x), 

whenever h(x) =t= 0, hence for all x, ye V. This implies that the polynomial 
function x H (dh)x(Y), whose degree is less then that of h, must be divi
sible by h. Consequently (dh)x(Y)=O. It is well-known that then h is a 
p-th power (for a related result see [5, Prop. 4, p.73]). Similarly g is a 
p-th power, whence the assertion. 

0.13 Lemma. Let f be a polynomial function on V with the following 
property: there is a nonempty open set U c V such that for all x e U and 
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all yE V the polynomial function 

tHf(tx+ y) 

is a power of a linear function of t. Then f is a power of a polynomial function 
of degree l. 

We may assume f to be irreducible. Fix XE U, yE V. Let 

f(tx+ y)=(at+W, 

where aEK*, bEK. Then 

aR = f(x), n aR - I b=(df)x(Y). 

If n were divisible by the characteristic p of K, we had (df)x(Y) =0 for all 
x, yE V. Then f would have to be a p-th power. This a contradiction. 
Hence we have 

a-I b=n- I f(X)-1 (df)Ay). 
It follows that 

f(tx + y)= f(x)(t+ n- I f(X)-1 (df)x(y)t 

Putting t=O we obtain the assertion, since (df)Ay) depends linearly on y. 
A rational map 4J: VH W is said to be homogeneous of degree h if 

4J(ax)=ah4J(x), if aEK*, XE V. 

0.14 Lemma (Euler's differential equation). If 4J is a rational map of V 
into W which is homogeneous of degree h then 

if 4J is defined in x. 

We have 4J(t+ 1)x)=(t+ 1)h 4J(x) if t=t= -1 and if 4J is defined in x. 
Hence, X denoting an indeterminate, 

4J(x+xX)=(X + 1t 4J(x), 

which implies the assertion. 

0.15 Degeneracy of polynomial functions. fEK[V] is said to be a de
generate polynomial function if there exists a =t= 0 in V such that 

(4) f(x+a)= f(x) (XE V). 

Otherwise f is said to be nondegenerate. Degeneracy off means that there 
exists a=t=O such that we have for all i~ 1 

(dif)Aa)=O (XEV). 

In particular, we then have (df)x(a)=O for all XE V. Conversely, if this is 
so and if char(K)=O, it is easily seen that (4) holds. 
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0.16 Quadratic forms. A polynomial function Q on V which is homo
geneous of degree 2 is called a quadratic form. Then 

Q(x, y)=Q(x + y)- Q(x)-Q(y) 

defines a symmetric bilinear form Q ( , ) on V x V, called the associated 
bilinear form. We have 

Q(x)=2Q(x, x). 

If char (K) =1= 2, then Q is degenerate if and only if the associated 
bilinear form is degenerate, i.e. if there exists a=l=O such that Q(x, a)=O 
for all XE V. 

If char(K)=2 then Q is said to be defective (resp. nondefective) if the 
associated bilinear form is degenerate (resp. non degenerate). Since we 
now have Q(x, x)=O, the associated bilinear form is alternating. One 
then knows that dim V is even if the associated bilinear form is non
degenerate. If char (K) = 2 and if Q is nondegenerate and defective, then 
one shows that the subspace of aE V such that 

Q(x+a)=Q(x) (XE V) 

has dimension 1 (using that we work over an algebraically closed field). 
It follows that then dim V is odd. For these elementary facts about 
quadratic forms in characteristic 2 see [12, p.33]. 

0.17 Algebras. By an algebra A we understand a finite dimensional 
vector space over K, together with distributive bilinear multiplication 
(a, b)H a b, which is not necessarily associative. We always assume the 
existence of an identity element. 

Let k c: K be a subfield, let Ak be a k-structure on the algebra A. Then 
Ak x Ak is a k-structure on A x A. We say that the algebra A is defined 
over k is the polynomial map </>: A x A -+ A with </> (a, b) = a b is defined 
over k in the sense of 0.3 and if the identity element of A is rational over k, 
i. e. lies in Ak • 

Let Mn(K) be the associative algebra of n x n matrices over K. 
A central simple associative algebra over k c: K is an algebra defined 
over k, which is K-isomorphic to Mn(K). n is then called the degree of A. 

It is clear how to define the notion of a two sided ideal in an algebra A. 
A is called simple, if to} and A are the only two sided ideals. We shall not 
use a notion of k-simplicity for algebras A defined over a field k c: K, i.e. 
for us simplicity will always mean what is called" absolute" simplicity. 

Notes 

The material about polynomial and rational maps and their differentiation is also discussed 
in [8, p. 60-64] and [14, p. 214-220]. The treatment given here, using formal power series, 
is somewhat different from that given in these references. 



§ 1. J-structures 

Let V be a finite dimensional vector space, letj be a rational map v_ V. 
Denote by nand N a numerator and a denominator of j, respectively. 
n is a polynomial map of V into V and N a polynomial function on V 
(see 0.5). Let H be the subset of GL(V) x GL(V) consisting of the pairs 
(g, h) such that 
(1) goj=joh. 

1.1 Lemma. H is a closed subgroup of GL(V) x GL(V). 

Clearly H is a subgroup of GL(V) x GL(V). Let (g, h)EH. nand N being 
as above, we have 

(2) N (h x) g(n x)=N(x) n(hx), 

for all XE V. Let (e;)1 ~;;iim be a basis of V. Put 

and write 

m 

ge;= L tijej , 
;=1 

m 

he;= LUijej , 
;=1 

m 

X= Lx;e;. 
;=1 

Then (2) is equivalent to a finite family of polynomial relations between 
the x h , t;j' U'S' which have to hold for all x;. It follows that (g, h)EH if 
and only if tij and u,s satisfy a finite set of polynomial relations. This 
proves that H is a closed subgroup of GL(V) x GL(V). 

1.2. Let n: GL(V) x GL(V)- GL(V) be projection on the first factor. 
j and H being as above, the projection n H is a closed subgroup of G L( V), 
which is called the structure group of j and which will be denoted by 
G U). G (j) consists of the g E G L (V) for which there exists hE G L( V) such 
that (1) holds. If j is defined over k, then 1.1 implies that G(j) is k-closed 
in the sense of [1, p. 42]. 
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Suppose now thatj is a birational map V--+ V. If gEG(j), there exists 
hEGL(V) such that (1) holds and the birationality of j shows that h is 
unique. It follows from (1) that now 

horl=rlog, 

hence hEGU- l ). Put h=IX(g). Clearly IX is a group homomorphism of 
G(j) to GU- l ). In fact, IX is a morphism of algebraic groups. For IX (g) = 
rlo go j implies that IX is a rational map G(j)--+ GU- l ), hence a morphism 
of algebraic groups, as follows from [1, 1.3 (a), p.87]. Interchanging 
the roles ofj andj-l, we get a morphism f3: GU-l)--+G(j), with f3(h)= 
johor l . IX and f3 are clearly inverses of each other, hence IX is an iso
morphism. 

In particular, ifj is involutorial, i.e.joj=id, then G(j)=GU- l) and IX 

is an automorphism of the algebraic group G(j). 

1.3 Definition of J-structures. A J-structure is a triple 9' = (V,j, e), 
where V is a finite dimensional vector space, j a birational map of V 
and e a nonzero element of V, satisfying axioms to be stated presently. 
In these we need the structure group G(j) of the birational map j which 
will be denoted by Gy or G. We call the linear algebraic group Gy the 
structure group of the J -structure. 

The axioms are as follows: 
(J1) (i) j is a homogeneous birational map of Vof degree -1 and j = r 1, 

(ii) j is regular in e and j e = e. 

(J 2) If x E V is such that j is regular in x, e + x and e + j x, then 

(3) j(e+x)+j(e+j x)=e. 

(J3) The orbit Ge of e under the structure group G is Zariski-open in V. 
It would amount to the same thing to require this orbit to be Zariski

dense, see [3, Proposition, p. 98]. 
We say that 9' is a J-structure over a sub field k of K or that 9' is 

defined over k if there exists a k-structure on the vector space V such 
that j is defined over k and that eE V(k). In that case G is k-closed. 

Let 9'=(V,j,e) and 9"=(V',j',e') be two J-structures. A morphism 
of 9' to 9" is a linear mapf: V--+V' such that (i)foj=j'of, (ii)f(e)=e'. 
f is an isomorphism of J-structures if it is a bijective linear map. Auto
morphisms are defined in the obvious way. 9" is a J-substructure of 9' 
if V' is a subspace of V, if e' = e and if the injection V' ...... V is a morphism 
of J-structures. Thenj' is the restriction ofj to V'. 

If 9' and 9" are J-structures over k, then a morphism f: 9'--+9" is 
said to be a k-morphism or to be defined over k if the linear transformation 
f is defined over k. 
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By 1.2 there is an automorphism IX: g 1---+ g' of the linear algebraic 
group G, such that 

goj=jog'. 

We call IX the standard automorphism of G. We have 1X2=id. 
For tEK*, let 

be scalar multiplication by t. From the homogeneity of j (J1)(i)) it 
follows that St E G, and that 

A subspace I of V is called an ideal of Y if for each i E I the rational map 

X I---+j(x + i)-j(x), 

which is defined on a suitable nonempty open subset of V, is a rational 
map of V into I. Y is called simple if to} and V are the only ideals of [/'. 
We shall discuss ideals in §9. 

1.4 The norm. Let Y =(V,j, e) be a J-structure. Denote again by nand N a 
numerator and denominator of j. n is a homogeneous morphism V~ V 
and N a homogeneous polynomial function V -+ K. j is regular in XE V 
if and only if N (x) =l= o. If this is so, we say that x is invertible in Y or in V. 

Let d be the degree of N, then the degree of n is d -1 (since j is homo
geneous of degree -1). We call d the degree of [/'. By (J 2) (ii), we have 
N(e)=t=O. Hence we may and shall normalize nand N by requiring 
N(e)=1. Then nand N are uniquely determined. We call N, thus nor
malized, the norm of [/'. If necessary, we shall write Ny (and ny). 

1.5 Proposition. There exists a character a: G ~ K* of the algebraic 
group G such that for gEG we have 

(4) N(g x)=a(g) N(x) (XE V). 

Let gEG, let g' = IX (g). By (1) we have 

(5) N(X)-l g'(nx)=N(g X)-l n(g x). 

No g is a polynomial function of degree d, which is a denominator of the 
rational function of x, given by the right-hand side of (5). Then by (5) 
N is also a denominator of that rational function, whence a relation of 
the form (4), with a nonzero constant a (g). Putting x = e, we obtain 
a(g)=N(ge), from which it follows that gl---+a(g) is a morphism G~K*. 
That a is a homomorphism is clear. 

1.6 Corollary. If x E V is invertible and if gE G, then g x is invertible. 

This follows from (5), since j is regular at x if and only if N (x) =l= o. 
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We now shall establish a number of fundamental properties of N, 
which are consequence of the axioms (J 2) and (J 3). 

1.7 Proposition. If XE V is invertible, then 

(6) N(x)N(e+ j x)=N(e+x). 

By (J 2) we have on a nonempty open subset of V, 

N(e+x)-l n(e+x)+N(e+jx)-1 n(e+jx)=e. 

Replacing x by t- I x (tEK*) this gives, using homogeneity of j, that 

(7) tN(te+x)-1 n(te+x)+N(e+tjx)-1 n(e+tjx)=e. 

This should be viewed as an identity of rational functions on K x V. 
Now by 0.8, there is an open subset U =1=0 of V such that for XEU the 
rational function on K defined by 

tHN(te+x)-1 n(te+x) 

has a denominator of the same degree d as N. If N (x) =1= 0, the same is 
true for the denominator of the rational function 

tH tN(te+x)-1 n(te+x). 

But from (7) it follows that this last rational function can also be written 
as a quotient of two polynomial functions, with a denominator which 
divides the polynomial function tHN(e+tjx). Since this function has 
degree d if NU x) =1= 0, we conclude that there is a constant cEK*, inde
pendent of t, such that 

N(t e+x)=cN(e+ tj x), 

for x in a nonempty open subset of V. 
In this polynomial identity in t put t=O. We conclude that c=N(x). 
Putting t=1 we obtain (6), for x in a suitable nonempty open subset 
of V. By continuity (6) then holds whenever j is regular in x. 

1.8 Corollary. If x is invertible we have NUx)=N(x)-I. 

Replacing x by tx in (6) (tEK*) and using homogeneity ofj and N we 
obtain the equality of polynomial functions in t 

N(x) N(te+ j x)=N(e+ tx), 

is x is invertible. Taking t = ° the assertion follows. 

1.9 Corollary. Let IJ(: g H g' be the standard automorphism of G, let a be 
the character of G defined in 1.5. Then a(g')=a(g)-I. 
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By 1.5 and 1.8 we have 

a (g') N(x)= N(g' . x)= N(j(g' . X»)-l = N(gU X))-l =a(g)-l NU X)-l 

=a(g)-l N(x), 
whence the assertion. 

1.10 Theorem. If x, yE V are invertible, then 

(8) N(x) NU x+j y) N(y)=N(x+ y). 

Let gE G, let g' be as in 1.9. By 1.5, 1.7 and 1.9 we have 

N(g e) N(g' . e + j(g y») N(g y) =a(g) N(e + j y) N(y)=a(g) N(e + y) 

=N(g e+g y), 

13 

if y is invertible. This establishes (8) with x = g e instead of y. By axiom 
(J 3) and by 1.6, it then follows that (8) holds for x in a nonempty open 
subset of V and all invertible y. This implies (8), by continuity. 

1.11. Let XE V be invertible, let yE V. Put 

(9) <P(x, y)=N(x) NU x+ y). 

<P is a rational function on V x V whose denominator is independent 
of the second variable y. For fixed x we have that Yl--+<P(x,y) is a poly
nomial function on V of degree d. 

By 1.8 and 1.10, withj y instead of y, we see that 

<P(x, y)= <P(y, x), 

if x and yare invertible. However it then follows that the denominator 
of <P does not depend on the first variable x either, consequently <P is a 
polynomial function on V x V, symmetric in its two variables, and of 
degree d ( = degree N). 

We put d 

<P(x, y)= I <Pi (x, y), 

where <Pi is a symmetric polynomial function on V x V, which is homo
geneous of degree i in either of its variables. Taking y = 0 and using 1.8 
we find that <Po = 1. 

Let gEG. By 1.5 and 1.9 we have 

whence 
<P(g x, g' y)= <P(x, y), 

<Pi(g x,g' y)= <Pi (x, y). 
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We put cP1 = a (or a f/' if necessary). Then a is a symmetric bilinear 
form on V x V, and we have for g E G 

(10) a(g x, g' y)=a(x, y). 

We call a the standard symmetric bilinear form of!/'. The linear function 
ton Vwith 

t(x)=a(x, e) 

is called the trace of !/'. We have 

(11) a(x, y) = N(x)(d N)jAy) , 

if x is invertible, for all y. This follows from (9) (recall the definition of 
(dN)jx, see 0.9). 
We next make a digression, which is suggested by the properties of N 
which we just discussed. We denote by GO the identity component of G, 
i.e. the connected component of the neutral element of G. 

1.12 Proposition. Let F be an irreducible factor of the polynomial func
tion N. Then F is a homogeneous polynomial function. There exists a 
character c: GO ~ K* of the algebraic group GO such that 

(12) 

If F(e)=1 we have 

(13) 

(14) 

F(gx)=c(g)F(x) (gEGO, XEV). 

F(x) FU x + j y) F(y) =F(x + y), 

FU x)=F(X)-I, 

for all invertible x, yE V. 

h 

Let N = n F; be a decomposition of N as a product of irreducible poly-
i=1 

nomial functions. F equals one of the F;, up to a scalar factor. It follows 
from the uniqueness of the decomposition that the elements of GO 
permute the F; up to a nonzero scalar. GO being connected, the resulting 
homomorphism of GO into the group of permutations of the Fi must be 
trivial. This implies (12). It also follows that Fi is homogeneous. 

x and y being invertible, let Gi(x,y)=F;(jUx+jy)) (1~i~h). Gi is a 
rational function on V x V. From the definition of N and the homogeneity 
ofj and F; we conclude that a numerator of Gi must divide a power ofthe 
polynomial function (x,Y)f-+N(x)N(y) on Vx V. It follows that there 
exist homogeneous polynomial functions Qi and Ri on V, and a homo
geneous function Si on V x V, such that 

(15) 
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is a reduced expression (in the sense of 0.5). We may assume that F;(e) = 
Qi(e) = Ri(e)= 1. 

Replace x by t-1 x (tEK*) in (15). The resulting rational function of t 
is regular for t=O and has there the valueF;(y),as one sees by looking at 
the left-hand side of (15). Working with the right-hand side one concludes 
that we must have F;=Ri' Similarly F;=Qi' It then follows from (8) that 

h 

TI Si(X, y)=N(x + y). 
i=1 

But then there exists a homogeneous polynomial function 7; on V 
such that Si(X, y)= 7; (x + y). The same argument as before, viz. replacing x 
by t-1x and putting t=O, then shows that F;=7;. This implies that 

F;(jU x + j y))Fi(x + y) = Fi(X) Fi(Y)' 

In this formula take y=e. Using axiom (J2) we obtain 

Fi(e- j(e+ x)) F;(e+x) =F;(x), 

which implies that 
F;(x) F;(e+ j x)=F;(e+x), 

for all invertible x. (14) with F=F; is now proved as the similar statement 
of 1.8. (13) then also follows. 

We say that a homogeneous polynomial function F on V is a semi
invariant of Y if there exists a character c of GO such that (12) holds. 
We next establish a useful property of semi-invariants. For this we need 
the following simple lemma. 

1.13 Lemma. The orbit GO. e is Zariski open in V. 
r 

GO is a normal subgroup of G of finite index. Let G= U gi GO. Since Ge 
i=1 

is open in V by axiom (J 3), it is dense in V. Hence one of the sets gi GO . e 
must be dense in V, and then GO. e is dense in V. This is equivalent to 
GO. e being open, by [1, Proposition, p. 98]. 

1.14 Proposition. Let p=char(K). Let F be a semi-invariant of S which 
is not a p-th power of a polynomial function. Then (dF)e =1= O. 

Let F be a semi-invariant such that (dF)e=O. It follows from (12) that 

(dF)ge(g x)=c(g)(dF)e(x)=O (gEGO). 

It follows that (dF)x = 0 for all x EGo. e. 1.13 then implies that (dF)x = 0 
for all x, which means that F is a p-th power of a polynomial function, 
see 0.12. This proves 1.14. 
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1.15 The differential of j. Suppose XE V is invertible. The differential 
(dj)x ofj at x is a linear transformation on V. Sincej = rl, whencejo j =id, 
the chain rule for differentials (see 0.11) shows that 

(dj)jx o (dj)x = id, 

hence (dj)x is invertible. We put 

(16) P(x)= _(dj);;l. 

P is a rational map of Vinto GL(V) (if necessary we write Py instead 
of P). P is regular in x if x is invertible and then 

PUx)=P(X)-l. 

In the next proposition we collect some properties of P, which are 
fairly direct consequences of the axioms. g H g' is the standard auto
morphism of G. 

1.16 Proposition. Assume that x is invertible. 
(i) If gEG then P is regular in g x and P(g x)= goP(x)o(g')-l; 

(ii) If tEK* then P is regular in tx and P(tx)=t2 P(x); 
(iii) P(x)jx=x; 
(iv) P(e)=id; 
(v) P(x) is contained in the identity component GO of the structure group G 

and P(x), =P(X)-l; 
(vi) If y is invertible then p(P(y) x) =P(y) P(x) P(y). 

We have g'oj=jog. By the chain rule for differentials 0.11, this implies 
that 

whence 
g-lOP(g x)=P(x)o(g')-l, 

which proves (i). (ii) is the particular case of (i) where g is scalar multi 
plication St (tE K*). (iii) follows from (dA(x) = - j x, which is a conse
quence of the homogeneity of j (see 0.14). 

To prove (iv) we use axiom (J2) with tx instead of x (xEK*), which 
gives the identity of rational functions on K x V 

j(e + t x)+ tj(t e+ j x)=e. 

Let X be an indeterminate over K. For x in a suitable nonempty 
open subset of V we then have the identity of formal power series (see 0.9) 

(17) j(e+x X)+ j(eX +j x) X =e. 

The series for j (e + x X) starts off with 

e+(dj)e(x) X, 
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and that for j(e X + j x) X starts off with x X. Comparing coefficients 
in (17) we conclude that 

which is (iv). 
By (i) and (iv) we have 

P(g e)=g(g,)-lEG, 

so that P(X)EG if x is in the open subset Ge of V. Hence P is a rational 
map of Vinto G and then P(X)E G whenever P is regular in x, in particular 
if x is invertible. Now the set ofthe x where P is regular is an open subset U 
of V, which is irreducible hence connected. Consequently P(U) is a con
nected subset of G, which contains the neutral element of G (by (iv»). 
Hence P(U)cGo. 

To prove the last point of (v), observe that 

P(g e)' = (g(g/)-l)' = g/ . g-l =P(g e)-l, 

so that P(x), =P(X)-l on a nonempty open subset of V, hence whenever P 
is regular in x. Finally, (vi) is a consequence of (i) and (v). 
In § 3 we shall return to the properties of P and establish that P can 
be extended to a quadratic map of V into the space End(V) of endo
morphisms of V. 

1.17. We next give some consequences of 1.16. First we recall the defini
tion of the higher differentials of N in e. These are given by 

d 

N(e+x)= I (di N)e(x), 

where (d i N)e is a polynomial function on V of degree i (see 0.9). (d2 N)e is a 
quadratic form on V. We put 

(d2 N)e(x, y)=(d2 N)e(x+ y)_(d2 N)e(x)-(d2 N)e(Y)· 

Then (x, y) H (d2 N)e (x, y) is a symmetric bilinear form on V x V. Recall 
that we write (dN)e=(d1 N)e. We can now state the next result. 

1.18 Proposition. Let (1 be the standard symmetric bilinear form of g: Then 

(1 (x, y)=(dN)e(x)(dN)e(y)-(d2 N)e(x, y). 

We have by 1.11, if x is invertible, 

(18) N(x)NUx+ y)=1+(1(x, y) + terms of degree~2 in x and y. 

In (18) we replace x by e + t x (t E K). x being fixed, we then obtain a 
polynomial function 

(t, y)H N(e+ t x)N(j(e+ t x)+ y) 
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on K x V. We shall prove 1.18 by determining the terms in both sides of(18) 
which are bilinear in (t, y). In the right-hand side this is clearly t a(x, y). 

To deal with the left-hand side, we introduce an indeterminate 
X over K. Consider the formal power seriesj(e+x X) (see 0.9). By 1.16 (iv) 
we have 

j(e + x X) = e - x X + terms involving higher powers in X. 
Then 

N(e+x X)N(j(e+x X)+ y)={l + (dN)e (x) X + ... ) N(y+e-xX + ... ) 

=(1 + (dN)e(x) X + ... )(1+(dN)e(y-xX)+(d2 N)e(y-xX)+ ... ) 

= (1 + (dN).(x) X + ... )(1 + (dN)e(Y) -(dN)e(x)X _(d2 N).(x,y) X + ... ) 

= 1 + (dN)e(Y) + (dN)e(x)(dN)e(y)-(d2 N)e(x, y) X + ··l 
N ow by 1.11 this is a polynomial in X (x and y being fixed). Inserting t 

for X we see that the bilinear term in the left-hand side of (18) is 

t(dN)e (x) dNe(y) - (d2 N)e(x, y)), 

which establishes 1.18, in view of what we said before. 

1.19 The inner structure group. By 1.16(v) we have P(X)EGo if x is inver
tible. Let G1 EGO be the subgroup of GO generated by all such P(x). We 
call G1 the inner structure group of fI'. 

1.20 Proposition. G1 is a closed, connected, normal subgroup of the struc
ture group G. 

Let U c V be the open subvariety consisting of all invertible elements. 
U is irreducible. By 1.16(v), P defines a morphism U -+ GO. It then follows 
from a well-known result (see [1, 2.2, p.106J) that the subgroup G1 

generated by P(U) is closed and connected. That G1 is normal in G 
follows from the formula 

gP(x) g-1=P(g x) P(g'· e) (gEG, x invertible) 

which is a consequence of 1.16(i) and 1.16 (iv). 

1.21 Proposition. Let g=(v,j,e) and g'=(V',j',e') be two J-structures, 
let f: g-+g' be a morphism. There is a nonempty open set U in V con
sisting of invertible elements such that the elements of f(U) are invertible 
and that 

Let U' be the open subset of V' wherej' is regular. f-l(U') is open in V, 
let U be the set of invertible elements in f-1(U'). U is open and non-
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empty (since eE U). From foj=j'of we obtain, using the chain rule 0.11 
for differentials, that 

which implies the assertion. 

1.22 Invariant bilinear forms. Let !Jl = (V,j, e) be a J-structure. We use the 
previous notations. A bilinear form B on V x V is called invariant (with 
respect to !Jl) if we have 

(19) B(gx,g'· y)=B(x,y), 

if X, yE V, gEGo, where g~ g' denotes the standard automorphism of G 
(which stabilizes GO). 

1.23 Lemma. An invariant bilinear form B is symmetric. 

From (19) it follows that 

B(ge, g'. e)=B(e, e). 

Since g'·e=j(ge), we conclude that 

(20) B(x,j x)=B(e, e), 

if x is in a suitable open subset U of V which contains e. 
Differentiation of (20) gives 

B(x, (dj)Ay)) + B(y,j x)=O. 

From the definition (16) of P(x) and (19) it follows that 

B(P(X)-l x, y)=B(y,jx). 

Since P(X)-l x=jx by 1.16 (iii) we conclude that 

BU x, y)=B(y,j x), 

for x in a suitable nonempty open subset of V. This implies the assertion. 
The standard symmetric bilinear form a of 1.14 is invariant, but 

might be o. We shall now show how to obtain nonzero invariant forms. 

1.24 Proposition. Let F be an irreducible factor of the norm N of g:: 
There exists a nonzero invariant symmetric bilinear form B on V x V 
such that 

(21) B(x, y) = F(x)(dF)jAy) , 

if x is invertible, for all yE V. 
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Define a rational function B on V x V by 

B(x, y) = F(x)(dF)jx(Y) , 

(x invertible). Clearly B is linear in its second argument. Let c be as in (12), 
let g I--t g' be the standard automorphism of G. 

It follows from (12) that 

whence, using (14), 

B(g x, g' y)=F(g'U x))-l(dF)g'Ux)(g' y)=B(x, y), 

for all gEG. Moreover it follows from 1.14 that B*O. 
Replacing y by t yin (13) (tEK*) we obtain 

F(x) F(tj x + j y)F(y)=F(x + t y), 

if x, y and j x + j yare invertible. Differentiation shows that 

F(x)(dF)jyU x) F(y)= (dF)x(Y)' 

whence, replacing x by j x and using (14), 

B(x, y)=B(y, x), 

for (x, y) in a suitable nonempty open subset of V x V. This establishes the 
symmetry of B. Since B is linear in its second argument it follows that B 
is bilinear. The invariance has already been proved. This establishes 1.24. 

1.25 Direct sum of J-structures. Let Y =(V,j, e) and Y' = (V',j', e') be 
two J-structures. We define their direct sum Y" = (V",j", elf) as follows. 
Take V" = V x V', define 

j"(v, v')=Uv,j' v'), 

e=(e, e'). 

It is easily seen that Y" satisfies the axioms of a J-structure. We write 
Y"=Y$Y'. We have (in an obvious sense) properties like P';,,= 
P.'I'$P.'I'" (1.'1''' = (1.'1' $ (1.'1'" 

1.26 Fields of definition. Assume that y=(v,j, e) is a J-structure over 
the subfield k of K (in the sense of 1.3). Then the norm N is defined over k. 
It follows from 1.18 that the standard symmetric bilinear form (1 is 
defined over k. Moreover it is clear from (16) that P is de defined over k. 
We cannot assert that the structure group G is defined over k in the 
sense of [1, p.46] (a criterion for this to be the case will be given in 4.10). 
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But the inner structure group is defined over k: this follows from the fact 
that P is so, using [3, 2.2, p. 106]. 

1.27 J-structures without identity element We terminate this section 
by discussing a situation which is somewhat more general than that of 
1.3, in that we dispense with the" identity element" e. We call J -structure 
without identity element a pair 9' = (V,j) of a finite dimensional vector 
space V and a birational map j of V such that the following holds: 
(11)' j is homogeneous of degree -1. 

If j is regular in x define P(x) by (16), viz. 

We then further require the following identity of rational maps: 

(J2)' j x=j(x+ y)+j(x+P(x)j y), 

and an analogue of (13): 
(J 3)' The structure group G of j has a dense orbit in V. 

Replace y by t yin (12)' (tE K*). Comparing coefficients in a formal 
power series development, as in the proof of 1.16, one sees that 

whence 
(dj)x(y)+j(P(x)j y)=O, 

j(P(x)j y)=p(X)-l y, 

ifj is regular in.\ and y. It follows that P(X)EG ifj is regular in x. 
Now take eE V such that e is in the dense orbit of G in V and that j 

is regular in e, and put 
j'x=P(e)jx. 

Since 1.16(iii) holds for j and P (this is solely a consequence of the homo
geneity of j) we have j' e= e. Let 9" =(V, j', e). 
One then checks without trouble that 9" is a J-structure in the sense of 
1.3. Thus we have reduced J-structures without identity to J-structures. 
It is easily seen that 9" is uniquely determined by 9', up to isomorphism. 
We finally remark that (J 2)' holds in any J-structure. This follows from 
(J2), using (13) and 1.16(i), (iv). 

Notes 

Most of the material of §1 was suggested by results in the theory of Jordan algebras. The 
structure group of a Jordan algebra was first introduced by Koecher in [16, p.70], in a 
somewhat different manner. See also [8, p. 79] and [17]. 
The axioms of a J-structure formalize the notion of inverse. (11) and (J2) are then obvious 
requirements. The importance of (J 3) was first realized by Braun and Koecher, see [8, 
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p. 152], where it is shown that properties of this nature can be used to characterize Jordan 
algebras, if the characteristic is not 2. We shall discuss this in § 6. 
Our definition of the norm in 1.4 does not reflect the current definition of norms in Jordan 
algebras, due to Jacobson, see [14, p. 223]. The procedure followed here is quite natural in 
the context of J-structures. It leads to simple proofs of results like 1.10 and 1.12, which are 
analogues of results contained in [8, III, § 3]. 1.14 was also suggested by material from that 
book [loco cit., III, §4]. 
The introduction of P by (161 in the case of Jordan algebras, is due to Koecher [16]. 1.16 
reflects well-known properties in Jordan algebras. See also §3. 
The inner structure group was introduced in [8, p.92]. The name is due to Jacobson 
[14, p. 59]. The discussion of invariant bilinear forms was inspired by [8, III, §4]. 
The definition of a J-structure without identity in 1.27 was suggested by the notion of an 
isotope in a quadratic Jordan algebra, see [15, 1.63]. We shall not use this notion for 
J -structures. 
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In this section we discuss some examples of J-structures. Almost all of 
them are related to associative algebras and quadratic forms. 

2.1 Theorem. Let A be afinite dimensional associative algebra with identity 
element e. 
(i) There exists a unique birational map i: A - A with the following 
property: i is regular in x if and only ifx has an inverse X-I, and in that 
case we have ix=x- 1; 
(ii) ,,(A) = (A, i, e) is a J-structure. If A is defined over k, then" (A) is 
defined over k. 

If x E A denote by L(x) the linear transformation y f-4 X . y of A. The asso
ciativity of A implies that L(x) L(y)=L(x y); clearly L(e)=id. If x has an 
inverse, then L(x) L(x- 1)=id, so that L(x) is a nonsingular linear trans
formation. Conversely if L(x) is nonsingular, then x has an inverse, 
namely L(X)-1 e. Since L(x) depends linearly on x and since the inverse 
of a nonsingular linear transformation of A is a rational function of that 
linear transformation, we conclude that 

i x =L(X)-1 e 

defines a rational map A - A, which has the property of (i). The uniqueness 
of i follows from the uniqueness of the inverse of an element of A. Let A * 
be the set of invertible elements of the associative algebra A. This is an 
open subset of A. 

To prove (ii) we have to check the axioms (11), (J 2), (J3) of 1.3 for 
(A, i, e). For (J 1) and (12) this is easy, and the details are omitted (for (J2) 
use that (e+x- 1 )-1 =x(e + X)-l if x and e+x are invertible). 

To establish (J3) we observe that for x,a,bEA* we have (axb)-I= 
b- l X-l a-l, or i(abx)=b-l(ix)a- l . This shows that all linear trans
formations 

X f-4 ax b(a, bEA*) 

are in the structure group G of i. It follows that G e contains the nonempty 
open subset A * of A, which proves (J 3). The last point of (ii) is clear, in 
view of the definitions. 
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We call f(A) the J-structure defined by the associative algebra A. Clearly 
XEA is invertible in f(A) if and only if x is invertible in the associative 
algebra A. 

2.2. We next determine the rational map P: A*- GL(A) of the J-structure 
f(A)(see 1.15). For x, YEA* such that X+ yEA* we have 

(x + y)-1 =x-1(e + y X-I )-1, 

or 

This implies that 

(d i)x(y) = L(x- 1 ) (di)e (y X-I). 

By 2.1 and 1.16 (iv) we have (di)e(z) = -Z, whence 

(di)x(Y) = -x- l yx- 1 , 

P(x)y=xyx. 

Clearly P can be extended to a quadratic map A - End (A). 

2.3. We call the norm N (the trace -r) of j(A)the reduced norm (respectively, 
the reduced trace) of A. We shall show presently that these notions are the 
usual ones. Let (J be the standard symmetric bilinear form on A x A 
(see 1.4 and 1.11 for N, (J and -r). 

2.4 Lemma. If x,YEA then N(xy)=N(x)N(y), (J(x,y)=-r(xy). 

From the proof of axiom (J 3) in 2.1 we conclude that if XEA* the 
linear transformation L(x) lies in the structure group G of f(A). It then 
follows from 2.1 and 1.5 that there exists cEK* such that for fixed xEA 
we have 

N(x y)=cN(y) (YEA). 

Taking y=e we obtain the first formula for xEA*, YEA, hence for all x, y. 
We have 

N(x) N(i x+ y)=N(x) N(x- 1 + y)=N(e+x y) 

= 1 + (dN)e(x y)+terms of degree ~2. 

The second formula of 2.4 now follows from the definitions of (J and -r 
(given in 1.11), observing that -r(x)=(dN)e(x). 

2.5. Now let A=Mr , the algebra of rxr matrices. For X=(Xi)EMr , 

let Xi' be the determinant of the (r - 1) x (r - 1) matrix, obtained by de-
l . . 

leting the i-th row and the j-th column of X, multiplied by ( -1)'+l. Put 
adj(X)=(Xj ;) (l~i, j~r). Then if X is an invertible matrix we have, as 
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is well-known 

(1) 

From the formula 

(2) 

X- 1 = (det X)-l . adj(X). 

, 
detX= LXijXji 

j=l 

25 

one easily deduces the well-known fact that the polynomial map 
det: M, ~ M, is irreducible (use induction on r). 
It follows that adj and det are a numerator and a denominator of i, 
respectively. Since det e = 1, we conclude that det is the norm of the 
J-structure f (M.). Hence f (M,) has degree r. 

It also follows that in M, the norm coincides with the reduced norm, 
which justifies our definition of reduced norm in an associative algebra 
(for the usual definition of reduced norm in a simple algebra see [6, p.173]). 

Also (tr denoting the trace function on M,) 

det(e+ X)= 1 +tr(X) + terms of degree ~2, 

which shows that 
r(X) =tr(X). 

If A is a central simple algebra over a field k c K, the norm N and the 
trace r are defined over k. By loc.cit. N(x) (r(x») is the reduced norm of 
xEA(k) (respectively, the reduced trace of x). We denote by.;/{, the 
J-structure f(M,) of degree r, discussed above. From what was said 
above it follows that the norm of .;/{, is an irreducible polynomial func
tion. Also, the standard symmetric bilinear function is nondegenerate 
in this case. Hence N is a nondegenerate polynomial function. 
The next result will only be needed in Section 15, in the proof of 15.8. 
If A is an associative algebra we denote by AO the opposite algebra, 
whose underlying vectorspace is that of A, with the product in reversed 
order. Let d be the diagonal imbedding a~(a,a) of A into AEBAo. 

2.6 Theorem. Let A =M,. Let </J be a linear map of A into an associative 
algebra B with </J (e) = e. Assume that </J (x) is invertible in B if x is so in A, 
with </J(X)-l = </J(x- 1 ). Then there exists a unique algebra homomorphism 
t/J of A E9 A ° into B such that, d being as above, </J = t/J ° d. If k c K is a sub
field such that Band </J are defined over k, then t/J is defined over k. 

Let iA, iB be as in 2.1, for A and B. Our assumption about </J means that 
i B ° </J = </J ° i A' The chain rule for differentials 0.11 then shows that we 
have, ifxEA* 

(d iB)",(x) ° </J = </J ° (d iA)x' 

Using 2.2 one concludes that 

(3) </J(xyx)=</J(x) </J(y) </J(x) (x, YEA) 
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whence 

(4) cp(X y+ yx)=cp(x) cp(y)+cp(y) cp(x) 

(replace in (3) y by e and x by x + y). 
Let (Eij) be the canonical basis ofM,. Put cpEij=bij' If XiEK*, xEK, 

i* j, we have 

(Xl Ell + ... +xr Err+xEij)-1 =x11 Ell + ... +X;l Err-x xiI xj- l Eij , 

which implies a similar formula, with Ers replaced by brs . From this one 
concludes that the bii are mutually orthogonal idempotents in B, with 
sum e and that 

(5) biibij=bijbjj , bjjbij=bijbii , bijbkk=bkkbij=O, 

if i, j, k are distinct. If i * j put 

eij=bii bij , hj=bjjbij' 
It follows that 

and that 

(6) {
eij = bii bij = bij bjj = (e - bj) bij= bij(e - bii) 

hj = bjj bij = bij bii = (e - bi i) bij= bij(e - b j). 

We claim that eiJkl= hi eij=O. For by (5) and (6) 

eiJkl = bij bjj bkl bkk=O if j*k, j*l, 

= bii bij bll bkl = 0 

=bij bjj(e-bjj) bji=O 

if 1 * i, 1 * j, 
if j=k, 1= i. 

In the remaining case I=j we have, using (4), 

and 
eijfkj=biibijbkjbkk= -biibkjbijbkk=O if i*k, 

by (3). That fk I eij = 0 follows similarly. 

(7) 

One then proves, by an argument of the same kind that 

if i* 1 

if j*k. 

We next claim that eij eji is independent of j * i. Let i,j, k be distinct. 
By (7) we have eij ejk =eik , eki = ekj eji , whence eik eki = eij ejk ekj eji . Now 
(4) implies that 

bjk bkj + bkj bjk = bjj + bkk , 

whence, multiplying by bjj on both sides, 

ejk ekj + fkj!jk=bjj . 
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It then follows that 

which establishes our claim. Similarly, Jj i hj is independent of j =1= i. Put 
eii=eijeji,hi=khj' Then eu + hi=bii . 

One now shows that (7) holds without restriction. Defining 

l/I(Eij , Ekl)=eij+ hi 
it follows that l/I has the required properties. 

To prove the uniqueness of l/I remark that 

d(Ei) d(Ekl)=(bjk Eil' bi[ Ekj), 

from which one concludes that l/I must satisfy 

It follows that 

bjk l/I(Ei/, O)+bi[l/I(O, Ek)=bij bkl · 

l/I(Eij , O)=bij bjj=eij , 

l/I(O, Ei) = bij bi; = hj, 

establishing uniqueness. The last point of the assertion is clear. 

2.7 Algebras with involution. Now let A be a finite dimensional associative 
algebra with identity e, let p be an involution of A. This means that p is 
a linear bijection of A onto A such that p2 = id and that p (x y) = p (y) p (x) 
(x, YEA). 
Let B={XEAlpx=x} 

be the space of p-in variant elements of A. Put B* = B n A *, the set of 
invertible elements of B. Since p(X)-l =p(x- l ), i induces a rational 
map B -4 B, which we also denote by i. 

2.8 Proposition. (B, i, e) is a J-structure if the following condition is satis
fied: the subset {x· p x IXEA} ofB contains a nonempty Zariski-open subset 
of B. This condition holds if char (K) =1= 2. 

It follows from 2.1 that the axioms (11) and (J2) of 1.3 hold in (B, i, e). It 
remains to prove (J3). Now if aEA*, xEB*, we have ax· paEB*, and 

i(ax· p a)=(p a)-l(ix) a- l . 

It follows that for xEA* the linear transformation 

of B lies in the structure group G of the restriction of i to B. 
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Also, taking xEB*, we conclude that x 2 =xe·(px) lies in Ge. That 
(J 3) holds if the condition of 2.8 holds is now clear. The last assertion 
follows from the following lemma. 

2.9 Lemma. Let char (K) =4= 2. Let A be a not necessarily associative algebra 
with identity e, let B be a subspace of A, containing e and such that the 
square of an element of B lies in B. Then the set of squares of elements of B 
is dense in B. 

Proof of the lemma. Let ¢ be the morphism x 1-+ X2 of B into B, then 
¢(e)=e. The differential (d¢)e' which is a linear transformation of B, is 
scalar multiplication by 2. Since char (K)9= 2, it then follows that ¢ (B) is 
dense in B (see [1, 17.3, p. 75]). This concludes the proof of 2.7. 
We write (B,i,e)=/(A,p) and we call it the J-structure defined by the 
associative algebra with involution (A, p), if the condition of 2.8 holds. 

We next discuss some particular cases of 2.8. 

2.10 Symmetric matrices. Take in 2.7 for A the algebra Mr of r x r 
matrices and let p X =tx, the transposed of X. Then B is the set §r of 
symmetric r x r matrices. By 2.8 we obtain a J-structure (M" p), if 
char (K) =4= 2. As a matter of fact this restriction on char (K) is superfluous, 
so that Y,: = (§r' i, e) is always a J-structure. In order to establish this it 
suffices, by 2.8, to show that the set of symmetric matrices of the form 
X . tx (xEMn is dense in §r. But this is a consequence of the fact that 
in any characteristic two nondegenerate symmetric bilinear forms on 
K r x K r are equivalent, which follows from the results of [12, p. 15] and 
[12, p. 20]. 

Now the restriction of the polynomial function det of Mr to §r is 
irreducible (this can be proved by using (2) in the same way as the irre
ducibility of the form det on M" see 2.5). It follows as in 2.5 that det is 
the norm of the J-structure Y,:, hence Y,: is a J-structure of degree r. 

From 2.4 we conclude that the standard bilinear symmetric form (l 
on Y,: is again given by 

(l(X, Y)=tr(XY). 

r 

(l(X, Y) = LXii Yii + 2 L xij Yij· 
i=1 1 ~i<j~r 

It follows that for r> 1, (l is nondegenerate if and only if char(K) =4= 2 
(if r = 1, it is clear that Y,: = vii,). Hence the norm of Y,: is a nondegenerate 
polynomial function if char (K) =4= 2. 

2.11 Alternating matrices. Let Ar be the set of alternating r x r matrices, 
i.e. Ar consists of the X = (Xi) inMr' such that Xii=O, xij= -xji (1 ~ i,j~ r). 
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2.12 Lemma. (i) There exists a homogeneous polynomial function Pf on A2r 

of degree r, such that for X e A 2 r we have that det X = (Pf X)2; 
(ii) There exists a polynomial map n: Azr-+Azr of degree r-1, such that 
for nonsingular X eA2r we have 

X-I =(Pfx)-1 n(X); 

(iii) The polynomial function Pf is irreducible. 

(Pf(X) is called the Pfaffian of X) (i) and (ii) are well-known results, a 
proof can be found in [14, Lemma 2, p.230]. The proof of (iii) uses the 
analogue of (2) for Pf, and is similar to the irreducibility proof for det. 

2.13. Let S = (sij)eA2r be given by Sij =0 if Ii - jl =1= 1, Si. i+l = 1, Si +1, i = -1. 
Sis nonsingular and S-1 =S. Let now p denote the involution 

XHS·'X·S- 1 

ofM2r . As in 2.7, let B={xeM2r lpX=X}. 
By 2.8, (B, i, e)=f(M2Y' p) is a J-structure if char(K)=I=2. Then 

X H XS defines a linear isomorphism of B onto A zr , by means of which 
one can transport the J -structure f (M2 Y' p) to a J -structure d r with 
underlying vector space A 2r . One can define d r directly as follows: 
'~r=(AzY'j,S), wherej is given by 

jX=SX- 1.S-1, 

if X eA2r is nons in gular. 
We started with the restriction char(K) =1= 2. However d r is a J-struc

ture in all characteristics: the crucial axiom is (13), which holds in d r 

because any two nondegenerate alternating bilinear forms on K zr x KZr 
are equivalent (see [12, p. 15]). 

From 2.12 we conclude that d r is a J-structure of degree r and that 
Pf is the norm of d r (if Pf is normalized such that Pf(S) = 1). By 2.l2(iii) 
the norm is irreducible. The standard symmetric bilinear form a is given 
by the following result. 

2.14 Lemma. Let X = (Xi), Ye(Yi) be matrices in A zr . Then 

a(X, Y)= - L xij Yij' 
1 ~i<j~2r 

If X is nonsingular we have (see 1.11) 

cJ>(X, Y)= Pf(X) Pf(X- 1 + Y)= 1 + a(X, Y)+terms of degree ~2. 

By 2.12(i) we have 

cJ>(X, Y)Z =det X· det(X- 1 + Y)=det(e+ X y) 
(8) 

=l+tr(XY)+terms of degree ~2. 
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First let char(K)=O. From the last two formulas it then follows that 

a(X, Y)=t tr(XY)= - L xij Yij' 
t ;;;i<j;;;2r 

Now from (8) it follows that cI>(X, Y) is a polynomial function with 
integral coefficients. But then the validity of 2.14 in characteristic 0 
implies its truth in any characteristic. Observe that (J is nondegenerate 
in all characteristics. 

2.15 Quadratic forms. Let V be a finite dimensional vector space, let Q 
be a quadratic form on V (see 0.16). We put 

Q(x, y)=Q(x+ y)-Q(x)-Q(y), 

so (x, y)~ Q(x, y) is a symmetric bilinear form on Vx V. We put 

QAy)=Q(x, y), 

this is a linear function on V. 
Let eE V be such that Q(e)= 1. We put 

x= -x+Q(x, e) e. 

Since Q(e, e)=2Q(e)=2, we have e=e. It is easily seen that 

(9) Q(x)=Q(x), 

whence 

(10) x=x. 

Let G be the group of all linear transformations gE GL(V) such that 
there exists aEK* with 

If gE G, we put 

(11) 

Q(gx)=aQ(x) (XE V). 

g'. x=a- t g(x). 

Then g' E G and g ~ g' is an automorphism of G of order 2. 
We need the following lemma, which can be viewed as a version of 

Witt's theorem (see [12, p. 21J). 

2.16 Lemma. Let x,yEl-: Q(x)Q(y)=l=O. There exists gEG such that 
g x = y if one of the following conditions holds: 
(a) char(K) =1= 2, 
(b) Qx=l=O, Qy =1= O. 

Since scalar multiplications x ~ t X (tE K*) are in G, we may assume that 
Q(x)=Q(y). Now 

Q(x+ y)+Q(x- y)=2Q(x)+2Q(y)=4Q(x). 
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If char (K) + 2 it follows that at least one of the two elements Q(x + y), 
Q(x- y) (say the first one) is nonzero. Let rx +y be the reflection defined 
by x+y, i.e. 

rx+y(z)=z-Q(x+ y)-l Q(x+ y, z)(x+ y). 
Since 

Q(x+ y, x)=2 Q(x)+Q(x, y)=Q{x+ y), 
we have 

rx+y(x)= - y, 

so g= -rx+y (which is in G) is as required. 
If char(K) = 2 and if (b) holds there exists aEV such that Q(a)+O, 

Q(x, a)+O, Q(y, aH=O. We may then assume that Q(a)=Q(x)=Q(y). 
But then 

Q(a+x)=Q(a)+Q(x)+Q(a, x)=Q(a, x)+O. 

As before we see that ra+x(x) = a, similarly ra+y(y)=a. Hence 

ra-+1y ra+x(x)= y, 

which implies the assertion. 
With the above notations define for XE V, Q(x)+O, 

j x=Q(X)-l. x. 

Clearly j is a rational map V ~ V. 

2.17 Theorem. Assume that Qe +0. Then" (V, Q, e)=(v,j, e) is a J-structure. 

From (9) and (10) we obtain 

QU x)=Q(X)-2 Q(x)=Q(X)-l, 
and 

jU x)=QU X)-l j x=x=x. 

Also j e=Q(e)-l e=e. Hence (J1) holds. 
To prove (J2), observe first that (if Q (x)+ 0) 

Q(e + j x)= Q(e+Q(x)-l x)= Q(X)-2 Q(Q(x) e+ x) 

= Q(X)-2 (Q(X)2 + Q(x) Q(x, e)+Q(x)} = Q(X)-l Q(e+ x). 

Hence (if Q (x)+ 0, Q(e+ x)+o) 

j(e+x)+ j(e+ j x)=Q(e+x)-l e+x+ Q (x) Q(e+x)-l e+ j x 

=Q(e+x)-l e+x+Q(x)e+x=e, 

which proves (J 2). 
To prove (13), observe that for gEG, and g' being given by (11), we have 

gU x)=j(g' x). 
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Hence G is contained in the structure group ofj. By 2.16 we have that the 
orbit G e contains the nonempty open set of all XE V such that Q (x)=l= 0, 
Qx =1= O. Hence (J 3) holds. 

2.18 Corollary. G is the structure group of ,!(v, Q, e). 

This follows by using 1.5. 
In the situation of 2.17 we call f(V, Q, e) a J-structure defined by the 
quadratic form Q. 

Remark. The hypothesis Qe=l=O of 2.17 is automatically fulfilled if 
char(K)=I=2, since we have Qe(e)=Q(e, e)=2. 
We next shall determine norm and standard symmetric bilinear form. 
First we establish a simple lemma. 

2.19 Lemma. Let SI'=(v,j, e) be a J-structure of degree 1. Then dim V=l 
and [/ is isomorphic to" (K), the J-structure defined by the K-algebra K. 

If S has degree 1, the numerator of n of j must be a constant polynomial 
map V ~ V. It follows that j (V) has dimension 1. Since j is birational this 
implies that dim V = 1. The assertion then follows. 

Returning to f (V, Q, e) assume from now on that dim V> 1. It then 
follows from 2.19 that the polynomial function Q is the norm of 
,!(V, Q, e). 
Since 

Q(x) QU x+ y)=Q(x) Q(Q(X)-l x+ y) 

=Q(x){Q(X)-2 Q(x)+Q(X)-l Q(x,y)+Q(y)} 

=l+Q(x, y)+Q(x) Q(y), 

we conclude from 1.11 that 

(12) O'(x, y)=Q(x, y). 

Hence 0' is nondegenerate if and only if the quadratic form Q is non
degenerate if char(K)=I=2 and is nondefective if char(K)=2 (for these 
notions see 0.16). 

From Q(x)j x=x one obtains that 

Since 

this gives 

Q(x)(dj)x(y)+(dQ)Ay)j X= y. 

(dQ)x(y)=Q(x, y), 

(dDx(y)=Q(X)-l y_Q(X)-l Q(x, y)j x 

=QU x) y-Q(j x, y)j x. 
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Hence 

(13) P(x} y=Q(x, y} x-Q(x} y. 

Finally, suppose that V has a k-structure, that Q is defined over k and 
that eE V(k}. Then it is clear that" (V, Q, e) is defined over k. 

2.20. Let char(K}=l=2. Let (e;}l:$;:$r be the canonical basis of K r, let Qr 
be the quadratic form on K r defined by 

If r> 1 then" (Kr , Q" er ) is a J-structure of degree 2, which we denote 
by (92,r' 

Now assume char(K}=2. Let Q~ be the quadratic form on K 2r 

defined by 

We denote the J-structure f(K 2r, Q~, er+e2r} by (9;,r (r~l). Next let 
(er}o :$;:$2r be the canonical basis of K 2r + 1 (r~ 1). Let Q~' be the quadratic 
fom on K2r+ 1 defined by 

We denote the J-structure f(V, Q~, er +e2r} by (9~,r' The J-structures 
(9;,r and (9~,r are only defined if char(K} = 2. 

Using (12) one easily checks that (92,r and (9;,r have a nondegenerate 
standard bilinear form a. This is not so for (9~,r' On sees that in that 
case a(x, V}=O if and only if XEK eo. 

2.21. We finally give a brief discussion of a more recondite example, 
of a quite different nature. This example will not be used in the sequel. 
We use freely results and notions from the theory of linear algebraic 
groups, for which we refer to [1]. 

Let G be a linear algebraic group which is connected and reductive. 
Let 9 be its Lie algebra. G and its subgroups act on 9 via the adjoint 
representation Ad. Assume that S is a 1-dimensional subtorus of G with 
the following properties: 
(A) S has only two nonzero weights a and - a in g; 
(B) there exists nEG such that nsn-1=s-1 (SES). 

Denote by H the centralizer of Sin G. Then H is a connected reductive 
subgroup of G. ~ denoting its Lie algebra, we have a decomposition 

g=~EBgaEBg-a, 
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where 
9±0={XE9IAd(s)X=s±OX, for all SES}. 

Then I)EBg" and I)EB9-0 are the Lie algebras of parabolic subgroups 
Q, Q-, respectively, see [4, 4.15, p.90-91]. The unipotent radicals 
V and V- of Q, Q- have the Lie algebras 90' 9-0' respectively. We have 
ScH and these two groups act on Vby conjugation. From [4, 3.17, p. 81] 
it follows that V is a vector group, and that the scalar multiplications of 
the vector group structure are given by conjugation with suitable elements 
of S. 

Let n be as in (B) above. Then Q-=nQn- 1, V-=nVn- 1, and n 
normalizes H. We write h'=nhn- 1 (hEH). Put n2 =ho, then hoEH. 

Since Q and Q- are opposite parabolic groups in the sense of [4, p. 88], 
we have that V-· Q is an open subset of G [loco cit., 4.10d), p.89]. 
Likewise, VnQ is an open subset of G. It follows that there exists a 
birational map of V-· Ponto VnQ. From this one concludes that there 
exists a unique birational map j of V to V such that 

(14) 

if j is regular in x E V. This implies that 

j(h x h- 1 ) = h'(j X)(h,)-l 

in particular 

which means that j is homogeneous of degree -1 (for the vector space 
structure of V). 

(14) can also be reformulated as follows: there exist unique rational 
mapsj,jl: V~Vand A: V~H such that 

j X· n x n- 1 ·jl x=nA(x). 

j 1 is again homogeneous of degree -1. Replacing x by x -I and taking 
inverses, one see that 

whence jl = j. Hence 

(15) jx·nxn-l·jx=nA(x). 

We now also find that 

(16) 

It follows from (15) that 

j(x y)j(X)-1 n (A(X)j(X)-1 j(y)-I A(X)-l) n-IEnQ, 
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whence 

(17) j(x y). j(A(X)j(X)j(y) A(X)-l)= j x. 

We now change the notation. Write the group operation in V 
additively, and put 

P(x) y=A(X) y A(X)-l, 

if A is regular in x. (16) implies that x f-+ P(x) is a rational map of V into 
End(V) which is homogeneous of degree 2. (17) can then be rewritten as 

j(x+ y)+ j(P(x)U x+ j y))=j x. 

Replacing x by t x (tEK*) and arguing as in the proof of 1.16 one sees that 

P(x)j x=x, P(x)= _(dj);l. 

It follows that V and j satisfy axioms (J1)' and (J2)' of 1.27. 

If one assumes moreover 

(C) H has an open orbit in V, 

then (V,j) is a J-structure without identity in the sense of 1.27, which 
can then be modified as in 1.27 to obtain a J-structure in V. 

We next show how, given a simple J-structure, one can construct 
a reductive group G containing a 1-dimensional torus S such that (A), 
(B), (C) hold. In the construction we make use of Weil's theorem about 
enlarging an algebraic group germ to an algebraic group, which we first 
recall (see [32, p. 373], see also [11, expose XVIII]). 

2.22. Suppose that X is an algebraic variety, assume we are given a 
rational map p: X x X ---+ X, denoted by p(x, y)=x y and an involutorial 
birational map i: X ---+X, denoted by ix=x- 1, such that the following 
relations hold (it being assumed that everything needed for these relations 
to make sense is defined) 

(18) 

(19) 

x(yz)=(xy)z, 

x-1(x y)=(y x) x-1 = y. 

We call a triple (X, p, i) satisfying these conditions an algebraic group 
germ. It is defined over k if X, p and i are so. Weil's theorem is now as 
follows. 

2.23 Theorem. Let (X, p, i) be an algebraic group germ. There exists an 
algebraic group G together with a morphism f: X ---+ G such that 
(i) f(x y)= f(x)f(y) if x Y is defined; 

(ii) f is an isomorphism of X onto an open subset of G. 
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If kEK is a field over which the group germ is defined then G and f can be 
taken to be defined over k. Moreover G is uniquely determined up to a 
k-isomorphism. 

Now let g = (V,j, e) be a J-structure. Let H be the inner structure group 
of g (defined in 1.19). If aE V denote by ta the translation XH x+a of V. 
We consider the ta and the elements of Has birational maps of V. 

2.24 Lemma. The map IX of H x V x V into the set of birational maps 
of V with lX(h, a, b) = ho tao jo tb is injective. 

It suffices to prove that hotaojotb=j implies a=b=O, h=id. Now this 
relation implies 

h(x)+h(a)=jU x-b), 

for x in a suitable open subset of V. Replacing x by t X (tE K*) we see that 

t h(x)+ h(a)= tjU x-t b), 

which can only be if a = O. Then 

h(x)=jUx-tb), 
whence h = id, b = O. 

2.25. Let X = H x V x V. If h H h' is the standard automorphism of H, 
then 
(20) johoj=h', 

see 1.2. Moreover by (J2)' of 1.27 (which holds in 9; see the final remark 
of 1.27) we have 
(21) jotaoj=tjaojoLao( -P(a)). 

(20) and (21) imply that if x, YEX, the birational map lX(x)olX(Y) 
(where IX is as in 2.24) lies again in IX(X), at least if (x, y) is in a suitable 
dense open subset U of X x X. Hence it makes sense to define a map 
p: U-X by 

p(x, y) = IX-I (IX(X)olX(Y)) 

(20) and (21) imply that in fact p is a rational map X x X-X. Likewise 
one defines an involutorial birational map i: X -X by 

i (x) = IX-I (IX (X)-l). 

One checks by applying IX that (18) and (19) hold. Hence (X, p, i) 
is an algebraic group germ. Let G and f be as in 2.23. Since, as one 
readily sees, p is regular in all points (h, a, 0), (h', a', 0)) it follows that 
f(H x V x {OJ) is a closed subgroup of G, isomorphic to the semi-direct 
product of H and V. We identify H and V with the corresponding images 
in G. Let n = f( - id, 0, 0). Then G is generated by H, V and n. Let L be 



§2. Examples 37 

the maximal connected linear algebraic subgroup of G. By a theorem of 
Chevalley, L is a closed normal subgroup of G, and GIL is an abelian 
variety (for Chevalley's theorem see [25]). From what we just observed 
one infers that GIL is generated by the canonical image of n. This can 
only be if G = L, hence G is a connected linear algebraic group. 

We have constructed G without any extra assumption on !I'. Now 
assume moreover 
(I) [J7 is simple, i.e. has no proper ideals (see 1.3). 

(II) H is reductive. 

(We shall see in 14.27 that (II) is a consequence of (I).) 
We show that (I) and (II) imply that G is reductive. Let S c H be the 

I-dimensional torus of scalar multiplications. S, considered as a subtorus 
of G, satisfies the conditions (A) and (B) of 2.21. Let R be the unipotent 
radical of G, put G = GIR and define V, ii, S to be the canonical images 
of V, H, S in G, respectively. 

We first observe that Vcj::R. For VcR would imply, using (21), 
that we had P(a)-l P(b)ER for all a, b in a suitable dense open subset 
of V, containing e. This implies P(b)ER, hence H cR and G=R, which 
is impossible. 

n being as above, it follows from (21) that we have 

(22) 

The I-dimensions subtorus S of the reductive group G has the properties 
(A) and (B) of 2.21. Proceeding as in 2.21, one defines a birational map j 
of V such that the analogue of (14) holds. Comparison with (22) then 
shows that we must have 

j(x+r)-j(x)ERn V, 

for all rE R n V. Hence R n V is an ideal in [J7 (see 1.3). Since V cj:: R, it 
follows from assumption (I) that R n V is reduced to the neutral element. 
The same is true of R n n Vn- 1 . Let 9 be the Lie algebra of G, let 9a' 9-a 
be as in 2.21. 9a is the Lie algebra of V. 

Let r be the Lie algebra of R. Then r n 9a = {OJ : if r n 9a =l= {OJ it would 
follow from [3, 9.8, p.487] that R n V contained a I-dimensional sub
group. Likewise r n 9-a = {OJ. But it then follows that S acts trivially 
on r, which implies that S centralizes R, hence R c H. Assumption (II) 
now shows that R is trivial, hence G is reductive. 
In fact, G is even semisimple. For let T be a maximal torus of H, this 
is also one of G. The imbedding of H into GL(V) defines an immersive 
representation T ~ GL(V). It follows that all non identity elements of T 
act non trivially on V. The center of G is contained in T and acts trivially 
on V, hence is reduced to the neutral element. This establishes the semi
simplicity of G. It is readily seen that G is adjoint. 
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It also follows that the procedure of 2.21, applied to the present G and S 
leads to the birational map j of the J -structure !/. 

2.26 The Lie algebra of G. Let G be the group constructed in 2.25. Let g 
be the Lie algebra of H. The Lie algebra 9 of G can then be described as 
follows. We anticipate some results to be proved in the next sections. 
In 3.4 it is shown that P being defined by §1, (16), the map XHP(X) is a 
quadratic polynomial map of V into End(V), so that it makes sense to 
write P(x, y) = P(x + y) - P(x) - P(y). In 4.3 we shall see that the linear 
transformation L(a, b) with 

L(a, b) x=P(x, a) b 

lies in g. Let X H X' be the automorphism of g defined by the standard 
automorphism of H. 

With these notations we can describe g: we have 

g=gEE> VEE> V, 

the Lie product being given by 

[(X, a, b), (Y, c, d)] =([X, Y] +L(a, d)-L(b, c), X c- Ya, X'd - Y' b). 

This description of 9 follows from the construction of G given in 2.25. 
We omit the proof. 

Notes 

The examples of this section, except for the final one, discussed from 2.21 onwards, are of an 
elementary nature and need no further comment. 2.6 is a result about the representation 
theory of .K,. We indicate the context in which it should then be viewed. Let Sf = (V,j, e) 
be a J ·structure. Let T be the tensor algebra over V and denote by C (Sf) the quotient of T 
by the twosided ideal generated by all elements x@jx-e U regular in x). We call C(Sf) 
the Clifford algebra of S (in view of the analogy of the definition with that of the Clifford 
algebra of a quadratic form). Then C(Sf) is an associative algebra which is universal for 
homomorphisms of Sf into J-structures of the form .I(A), (A associative) in an obvious 
sense. 2.6 implies that C(.K,)~M,EBM~. We shall not pursue further the representation 
theory of J-structures in this book. Such a theory ought to be modeled on the representation 
theory of Jordan algebras. The latter theory (characteristic not 2) has been extensively 
developed, mainly by N. Jacobson. For a comprehensive account see his book [14]. The 
analogue of the Clifford algebra C(Sf) is called there "special universal envelope". 
The example discussed in 2.21 was suggested by a remark of A. Borel. A situation like that 
of2.21 is discussed from a different point of view in [4 a, §5]. 
The construction of G in 2.25 is essentially due to Koecher [18], if the characteristic 
is not 2. The use of Weil's theorem 2.23 simplifies the construction. The construction of 
the Lie algebra of G, indicated in 2.26, was first given by Tits [31], and has been studied in 
detail by Koecher [19]. It follows from 2.25 that a simple J-structure leads to a reductive 
group G, containing a I-dimensional torus S, which has property (A) of 2.21. This could 
possibly be used to study simple J-structures. We shall not do this, but follow instead in 
§12 and §13 another way to obtain the classification of simple J-structures. We shall 
exploit there a similar situation, where we have a reductive group G with a 1-dimensioItal 
subtorus S, such that S has but few weights in a given representation of G. 



§ 3. The Quadratic Map of a J-structure 

3.1. Let 9' =(V,j, e) be a J-structure of degree d. We denote the norm 9' 
by N, and we put for invertible XE V 

j x=N(X)-l. n(x), 

where the numerator n of j is a homogeneous polynomial map V---> V 
of degree d-l, and n(e)=e (see 1.4). We denote by G the structure group 
of 9' and by g ~ g' its standard automorphism. Let the character 
a: G--->K* be as in 1.5. By 1.5 and §1, (5) we then have 

(1) n(g x)=a(g) g'(n x) (gEG, XE V). 

In this section we shall study in more detail the rational map P: 
V ---> End(V) introduced in 1.15. Recall that we have, if x is invertible 

P(x)= _(dj);l. 

We put for invertible XE V and yE V 

(2) <p(x, y)=N(x) n(j x+ y). 

Since n is a polynomial map, <p is a rational map V x V ---> V, whose 
denominator depends only on the first variable. Hence, for fixed in
vertible XE V, we have that y~ <p(x, y) is a polynomial map of degree 
d-l. We put d-l 

<p(x, y)= L <Pi (x, y), 
i=O 

where y~ <Pi (x, y) is a homogeneous polynomial map V---> V of degree i. 
<Pi is a rational map V x V---> V. 

3.2 Lemma. If YEVis fixed, X~<Pi(X,y) is a homogeneous rational map 
of degree i+l (O~i~d-l). 

Let tEK*. We have by the homogeneity of j, nand N 

<p(t x, y)=N(t x) n(j(t x)+ y)=td N(x) n(t-1.j x+ y) 

= t N(x) n(j x+ t y)= t <p(x, t y). 

This implies the assertion. 



40 §3. The Quadratic Map of a J-structure 

3.3 Lemma. If x, YE V are invertible we have 

(3) N(x) nU x+ y)+N(y) P(x) n(x+ j y)=N(x) NU x+ y) x. 

Let 'l'(x, y) denote the left-hand or right-hand side of (3). Using (2), 
1.5,1.9 and 1.16 (i) one sees that for gEG we have 

'l'(g x, g' y) = g 'l'(x, y). 

By axiom (J 3) it follows from this formula that if (3) holds for x = e, 
it holds for all invertible x in a suitable nonempty open subset of V, 
hence by continuity for all invertible x. So it suffices to prove that (3) is 
true for x=e, i.e. that 

n(e+ y)+N(y) n(e+j y)=N(e+ y) e. 

By 1.7 and the definition of nand N this is a consequence of axiom (J 2). 

3.4 Theorem. The rational map P: V---->End(V) is a quadratic polynomial 
map. 

Let yE V, let XE V be invertible. As in 1.11, put 

d 

N(x)NUx+y)= I <Pi(x,y), 
i=O 

where <Pi is a polynomial function on Vx V, homogeneous of degree i in 
either variable. It follows from (3) that 

(4) {
CPO (x, y)=x, 

CPi (x, y) + P(x) CPi-l (y, x)= <Pi (x, y) x (1 ~ i ~ d). 

Taking i = 1 in (4) we obtain 

(5) P(x) y = u(x, y) x - CPI (x, y), 

where u = <PI is the standard symmetric bilinear form. 
Taking i = 2 in (4) we find, if y is invertible 

CPI (x, y) = p(X)-l {<P2 (y, x) y- CP2 (y, x)}. 

Now <Pi is a polynomial function and XH CPi(Y, x) is a polynomial map. 
It then follows from the last formula that for fixed invertible YE V, we 
have that x H CPl (x, y) is a polynomial map. Hence the denominator of 
the rational map CPl: V x V ----> V is independent of the first variable. By 
what was said in 3.1, this denominator involves only the first variable, 
hence it must be a constant. Consequently CPI is a polynomial map. 
That P is a homogeneous quadratic map now follows from (5), using 3.2. 
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3.5 An irreducibility criterion. Let GO be the identity component of the 
structure group G of Y; let G1 c GO be the inner structure group, see 1.19. 
The next result makes use of (5). Its corollary 3.7 can also be viewed as a 
simplicity criterion for J-structures. We discuss the relation between 
simplicity and irreducible action of GO in § 12. 

3.6 Theorem. Suppose that the norm N is an irreducible polynomial 
function. Let We V be a proper subspace which is Gcstable. Then O"(v, W) 
=0. 

We shall prove the following assertion: 

(*) if a,bEVand O"(P(x)a,b)=O for all XEV, then either O"(V,a)=O or 
O"(V, b)=O. 

We first show that (*) implies 3.6. Let W be a proper Gcstable sub
space. Assume that O"(V, W) =1= O. Then there exists bEY such that 
O"(V,b)=l=O and O"(W,b)=O. If aEW, then P(x)aEW for all invertible 
XE V (since W is Gcstable), whence P(x) aE W for all XE V. It follows that 
O"(P(x)a,b)=O, whence O"(V,a)=O by (*). This implies that O"(V,W)=O, 
a contradiction. 

To prove (*), we observe that (5) implies that, under the assumptions 
of (*), 

0" (x, a) O"(x, b)=0"(4)1(X, a), b). 

By the definition of 0" and 4>1 we have 

O"(x, y) = N(x)(dN)jAy) , 

4>1 (x, y) =N(x)(dn)jAy). 

Replacing x by j x and using 1.8 we see that 

(dN)Aa)· (dN)Ab)=N(x) 0" ((dn)Aa), b). 

It follows that the irreducible function N divides the product of two 
polynomial functions of strictly smaller degree, Consequently, one of 
these is O. Hence (dN)Aa)=O or (dN)Ab)=O, which is equivalent to 
0" (V, a)=O or O"(V, b)=O. This establishes (*) and concludes the proof of3.6. 

3.7 Corollary. Suppose that N is an irreducible polynomial function and 
that 0" is nondegenerate. The G1 and GO act irreducibly in V. 

That G1 acts irreducibly under these assumptions is a direct conse
quence of 3.6. Since G1 is a subgroup of GO, the same holds for the latter 
group (of course, G itself acts irreducibly). 

3.8 Examples. Consider the J-structures.A" 9;,.91,., (!}2,,, (!);,,, introduced 
in §2. Using what was established there, one finds that G1 acts irreducibly 
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in the following cases: 
.Ar and d r for r~l; 
f/,. for r~l and char(KH=2; 
{f}2.r for r~3; 
{f};.r for r~2. 

Next consider f/,. for r ~ 2 and char K = 2. The standard symmetric 
bilinear form (J is then degenerate, as one sees from the formula given 
in 2.10. It can be checked, using 3.6 that the only nontrivial subspace 
of the space ~r of symmetric matrices which is Grstable is the space Ar 
of alternating matrices. 

Similarly, one can discuss the case of {f}~.r (r~ 1, char K = 2). Then the 
only nontrivial G1-stable subspace is the l-dimensional space K(er +e2r) 

(with the notations of 2.20). 

3.9 Some formulas. We call the map P of 3.4 P the quadratic map of the 
J-structure Y'. We write 

P(x, y)=P(x+ y)-P(x)-P(y) (x, yE V). 

Since P is quadratic, we have that (x, y) H P(x, y) is a symmetric bilinear 
map V x V-+ End(V). By the definition of differentials (see 0.9) we have 

P(x, y)=(dP)x(y). 
Notice that 

P(x, x)=2P(x). 

We collect now a number of identities involving P. First observe 
that by 1.16(vi) and 3.4 we have 

(6) p(P(x) y)=P(x) P(y) P(x) (x, yE V). 

(6) is an identity of degree 4 in x. Polarization, i.e. differentiation with 
respect to x, leads to a number of consequences, of which we only mention 
the following identity 

p(P(x, y) z) + p(P(x) z, P(y) z) 
(7) 

=P(x) P(z) P(y) + P(y) P(z) P(x)+ P(x, y) P(z) P(x, y). 

For the next set offormulas we start with the formula of 1.16 (iii) viz. 

P(x)jx=x, 

if x is invertible. We find by differentiation that 

P(x, y)j x + P(x)(dDx(Y) = y, 

whence, by the definition of P(x), 

(8) P(x,y)jx=2y (xEVinvertible, YEV). 
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Differentiation of (8) gives in the same way 

(9) P(y, z)j x=P(x, y) p(X)-l. Z (XE V invertible, y, zE V). 

Taking x=e in (9) one obtains, using 1.16(iv) 

(10) P(y, z) e=P(e, y) z=P(e, z) y. 

Putting y=e in (9) and using (10) we obtain 

PU x, e)=P(x, e) p(X)-l (XE V invertible). 

Using 1.16(i) and axiom (J 3) it follows by an argument using G, similar 
to that used in the proof of 3.3, that 

(11) P(x) PU x,j y) P(y)=P(x, y), 

whence 

(12) P(x) PU x+j y) P(y)=P(x+ y), 

if x and yare invertible. 
Taking successively x=e and y=e in (11) one sees that 

(13) P(x) PU x, e)=PU x, e) P(x)=P(x, e) (x invertible), 

from which it follows that P(x) and P(x, e) commute for all XE V. 
Next it follows from 1.16(v) and 1.5 that there is a rational function 

c on V such that 

N(P(x) y)=c(x) N(y) (x invertible, yE V). 

Taking y=j x, it follows from 1.16(iii) and 1.8 that c(x)=N(X)2. Hence 

(14) N(P(x) y)=N(X)2 N(y) (x, YE V). 

Finally we mention the following formula, a variant of which occurred 
in 1.27, 

(15) j(x+P(x) y)+j(x+j y)=j x 

(valid if x,y,x+jy,x+P(x)y are invertible). For x=e this is §1, (3) (by 
1.16(iv»). The general case follows by using 1.16(i) and axiom (J 3). 

(15) can be rewritten as 

(16) P(x) y=x-j(j x+jU y-x») 

(valid if the appropriate elements are invertible). We call (16) Hua's 
formula. If f/ =" (A), the J-structure defined by the associative algebra A 
(see 2.1), it follows from 2.2 that (16) reduces to Hua's identity 

xyx=x-(x- 1 +(y-l_X)-l)-l. 
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3.10 Powers of an element. Let X be an indeterminate over K. By 0.9 
we have a formal power series development. 

00 

(17) j(e-xX)= L x"' X m, 
m=O 

where x H x"' is a rational map V ~ V. 

3.11 Proposition. (i) x H x"' is a homogeneous polynomial map of degree m, 
we have XO = e, Xl = x; 
(ii) The following relations hold for XE V, i, j, m~O 

(18) 

(19) 

(20) 

(iii) Any two of the linear transformations P(x), P(xi, xj) (i, j~O) commute. 

By 1.16(iii) we have for XE U 
00 

P(e-xX)· L xm xm=e-xX. 
m=O 

Equating coefficients of powers of X we find, since P(e)=id, 

(21) I:~:;'(e,x)e=-x, 
xm_P(e,x)xm-l+p(x)xm-2=0 (m~2). 

Using (10) we conclude that Xl = X. By induction on m it then follows from 
(21) and 3.4 that XH x"' is a homogeneous polynomial map of degree m. 
This proves (i). 

From (8), with e-xX instead of x, we obtain 

(22) P(x, y) xm - l =P(e, y) xm (m~ 1). 

Taking y = e, this gives 

(23) P(e, x) xm - l =P(e, e) xm=2xm (m~ 1). 

Substituting this into the last formula of (21) we obtain (18). (19) is a 
consequence of (6) and (18) (using that P(e)=id). 

It follows from (6) that 

(24) 
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This implies, using (18), that in order to prove (20), it suffices to consider 
the cases i = 0 and i = 1. From (22) we conclude that 

P(x, xi) xm=P(e, xi) xm + l , 

so that finally it suffices to prove (20) for i = O. But by (10) we have 

P(e, xi) xm=P(xi, xm) e. 

Using again (6), we can reduce the proof of (20) to the case where 
MinU, m)=O or 1. In that case the result follows from (10) and (23). 

To prove (iii) we replace in (11) x bye-xX and y by e-xY, where 
X and Yare indeterminates over K. Comparison of coefficients of the 
monomials xm yn then shows that P(xm, xn) is a linear combination of 
products of P(x) and P(x, e). It then suffices to prove that P(x) and 
P(x, e) commute, which follows from (13), as we already observed. This 
proves 3.11. 

3.12. IfXE V, we call xm the m-th powerofx. x 2 is the squareofx. If 9' = f(A), 
the J-structure defined by the associative algebra A, then this notion of 
power of an element coincides with the usual one, as follows from (18), 
using the explicit description of P in that case (see 2.2). 

We next introduce negative powers. If XE V is invertible we put 

X-I =j x, X-m=u xt (m~O). 

It follows from (18), using PU x)=p(X)-1 (see 1.15) that 

P(x) x-m=x-(m-2). 

One then proves by induction on m that 

P(xt x-m=xm, 

whence by (19) and 1.16 (iii), 
x-m = j(xm) = (Xm)-I. 

We see that (18) holds for all mE'lL if x is invertible. The same is then true 
for (19). It is also easily seen that (20) remains true for i, j, mE Z, if x is 
invertible. 

3.13 Idempotent and nilpotent elements. We say that XE V is idempotent 
if x 2=x. It then follows from (19) that P(xm)=P(x) for all m~2. More
over (18) then implies that we have for m~ 1 

x 2m =p(x)m e=P(x) e=x2=x, 

x 2m+l =p(x)m x=P(xt x2=x2m+2=x. 

Hence xm = x for all m ~ 1. 
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3.14 Proposition. x E V is idempotent if and only if the following holds: 
for all t, UEK* the element t x+u(e-x) of V is invertible andj(t x+ u(e-x)) 
= t-1·x+ u-1(e-x). 

Let x be idempotent. Since xm=x for all m~ 1, we conclude from (17) 
that, X denoting an indeterminate over K, we have 

00 

j(e-xX)=e+x L Xm=e+x(I-X)-l X. 
m=l 

It follows that the rational map K --> V defined by t H j (e - t x) is regular 
for all t except t= 1. Then (t, U)H j(t x+u(e-x)) defines a rational 
map K x K --> V which is regular if t u =1= 0 and 

j(tx+u(e-x))=t-1 x+u-1(e-x) (t, uEK*). 

This proves one half of the assertion. 
Let x have the property of 3.14. Then tH j(e-t x) is a rational 

map K --> V which is regular except for t = 1, and 

j(e-t x)=e+x(I-t)-l t. 
It follows that 

00 

j(e-xX)=e+x L X m, 
m=l 

whence by (17) 

which shows that x is idempotent. 
We say that XE V is nilpotent if xm=o for some m~ 1. 

3.15 Proposition. The following properties of XE V are equivalent: 
(i) x is nilpotent; 

(ii) for all tE K, the element e - t x is invertible; 
(iii) for all tEK we have N(e+tx)= 1. 

Suppose that xm=o. Then it follows from (18) that 

x i + 2m =p(xm) Xi=O (i~O). 

Hence the formal power series in the right-hand side of (17) is now a 
polynomial. This implies that 

tH j(e-tx) 

defines a polynomial map of K into V, which proves (ii). 
Conversely, if (ii) holds, then the rational map tH j(e-tx) must be a 

polynomial map. Hence the formal power series in the right-hand side 
of(17) is a polynomial, so that xm=o for sufficiently large m. This shows 
that (ii) implies (i). 
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Next observe that (1.8) implies 

(25) N(e+tx)N(j(e+t x)) = 1. 

Now if (ii) holds, it follows from what was said before that 

tHN(j(e-tx)) 

is a polynomial function on K. But then (25) implies that N (e + t x) must 
be a constant independent of t. Putting t = 0 we see that (iii) holds. Hence 
(ii) implies (iii). 

Finally, if (iii) holds, then the definition of N (see 1.4) shows that all 
elements e - t x are invertible, so that (ii) holds. 

3.16 Corollary. Let r be the trace of Y. ffxE V is nilpotent we haver(x)=O. 

This follows from 3.15(iii), because r(x)=(dN)e(x) (see (11)). 

Notes 

3.4 generalizes a well-known property in Jordan algebras, due to Koecher (see [8, p.9O]). 
The formulas discussed in 3.9 are familiar ones from Jordan algebra theory, see e.g. 
[loco cit., IV]. 
The definition of powers given in 3.10 is a natural one in the context of J-structures. The 
characterization of idempotents given in 3.14 is basic for our treatment of the Peirce decom
position (in §10) and of the classification of J-structures (in § 11 and § 12). 
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The results of this section will not be used in an essential manner until 
§ 14. 

Let 9'=(v,j,e) be a J-structure with structure group G. We use the 
notations of § 1 and §3. 

If H is a linear algebraic group we denote by L(H) its Lie algebra, 
see [1, p. 118]. L(G) is identified with a subalgebra of gI(V) (notation 
of 0.2). 

4.1. Let 9 be the subspace of End (V) consisting of the X E End (V) such 
that there exists YEEnd(V) with 

(1) X(j x)=(dj),,(Yx), 

for all invertible XE V. We shall show that 9 is a Lie algebra. But before 
doing so we have to introduce some notations. 

Let N be the norm of 9', let j x=N(X)-l . n(x). Let d be the degree 
of N. Denote by A the set of all homogeneous polynomial maps a: V -+ V 
of degree d - 1 and by B the set of all homogeneous polynomial functions 
b on V of degree d. A and B are vector spaces. Let P be the projective 
space defined by A x B, let Po be the canonical image of (n, N) in P. 

Put M = GL(V) x GL(V). M acts in A x B by 

(gl' g2)' (a, b))M (gl 0 ao g2 1, b 0 g2 1). 

This induces an action of Min P, denoted by (h, p)M h· p. The structure 
group G of 9' is then isomorphic to the isotropy group of Po in M. Let 
A be the morphism of Minto P defined by A h = h . Po. The differential 
(dA)l of A at the neutral element 1 is a linear map of the Lie algebra L(M) 
into the tangent space T(P)po of P at Po. We identify L(M) with 
gI(V) x gI(V). 

4.2 Lemma. (i) m=Ker(dA)l consists of all (X, Y)EgI(V) x gI(V) such 
that (1) holds; 
(ii) m is a Lie algebra; 
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(iii) The projection of gI(V) x gI(V) onto its first factor induces an iso-
morphism of m onto g, hence 9 is a Lie algebra; 

(iv) L(G)cg. 

Let K[b] be the K-algebra of dual numbers (b 2 =0). Let M(K[b]) 
denote the group of K [b]-points of M. If Xl E L(M) then id + b Xl E 
M(K [b]), where id is the identity map of V (see [1, p. 127]). Now Xl Em 
if and only ifid+bXl fixes PoEP. Let Xl =(X, Y). 

The definition of the action of M shows that Xl Em if and only if 

(id+bX)j x=j(x+b Yx). 

Let T be an indeterminate over K. It follows that the formal power 
series for j{x + (Yx) T) (see 0.9) starts off with j x+ X U x) T, which shows 
that (1) holds. This implies (i). 

To prove (ii) we use two copies K[b] and K[b'] of the dual numbers. 
These we imbed in the standard way in K[b](8)K[b']. If Xl, Y;.EL(M), 
we have in M (K [b] (8) K [<5']) that 

(id + b Xl) (id + b' Y;.) (id + b X 1)-1 (id + b' y;')-l = id + (b (8) b') [Xl' Y;.]. 

Hence if Xl' y;'Em, we have that the element id+(b<8)b')[Xl , Y;.] of 
M (K [b (8) b']) fixes Po. Since b H b (8) b'defines an isomorphism of K [b] 
into K[b (8)b'], it follows that id +b[Xb Yl] EG(K[b]), whence [Xl' y;']Em. 
This proves (ii). 

(iii) is clear and (iv) follows from the connection between G and the 
isotopy group of Po in M. 
We call 9 the structure algebra of !Jl. Remark that by § 1, (16) the defining 
formula (1) can be rewritten as 

(2) P(x)(XCix))= Yx. 

Let P be the quadratic map of!Jl. Put 

L(x, y)=P(x, j y) P(y). 
(XE V, y invertible). 

4.3 Lemma. (i) If gEG then 

(3) L(g x,g' y)=goL(x, y)o g-l 

(g H g' is the standard automorphism of G); 
(ii) L( , ) can be extended to a bilinear map of V x V into End (V) satisfying 

(4) L(x, y) z=L(z, y) x=P(x, z) y. 

(3) follows from the definition of L, using 1.16. That (4) holds with y=e 
is a consequence of § 3, (to). By (3) and axiom (J 3) we then obtain (4) for 
y in a nonempty open subset of V, for all x, ZE V. This implies (ii). 
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Let 91 be the subspace of End(V) spanned by all L(x, y). Let G1 be 
the inner structure group of Y (see 1.19). G acts on L(G) by the adjoint 
representation Ad. Identifying G and L(G) with subsets of End(V), 
we have 

Ad(g)X=goXog-1 (gEG, XEL(G)). 

4.4 Proposition. (i) 91 cL(G1)cL(G)c9; 
(ii) 91 is stable for the adjoint action of G, and 91 is an ideal in L( G); 
(iii) If gE G1 , X E9 then Ad (g) X - X E 91 and 91 is an ideal in 9. 

P defines a morphism of a neighbourhood of e into G1, whose differential 
at e is XMP(X, e) (the tangent space at e being identified with V). It 
follows that L(x,e)cL(G1 ) for all XEV Since G1 is a normal subgroup 
of G (see 1.20) we have by (3) that 

go L(x, e)o g-l =L(g X, g'. e)EL(G1), 

whence, using axiom (J 3), L(x, y)E L(G1 ) for all x, yE V This proves that 
91 c L(G1 ). The other inclusions of (i) being clear, we have established (i). 

The first assertion of (ii) has also been proved. The second one is a 
consequence (compute the differential of the morphism g M Ad (g) X of 
G1 into 91> for fixed XE91; see [1,3.9(1), p.134-135J). 

Let X E 9, let Y E End (V) be such that (2) holds. Differentiation of (2) 
shows that we have 

(5) (P(x) 0 X 0 p(X)-l) y= Yy+P(x, y)(Xj x). 

Now by (2) and (4) we have 

P(x, y)(X j x)= -P(x, y) P(X)-l Yx= -L(y, j x) Yx= -L(Yx, j x)y. 

Moreover, (5) with x=e implies that 

(6) Yy=X y-P(e, X e) y. 

(5) can now be rewritten as 

(P(x) 0 X 0 p(X)-l) y=X y-L(e, X e) y-L(Yx,j x) y, 

which implies the first assertion of (iii). The second one is then a conse
quence. As in the proof of (ii) one also sees that we have [L(G1), 9] c 91' 
It follows, in particular, that 91 is a Lie algebra. We call it the inner struc
ture algebra of !/. 

4.5 Lemma. Let X E 9. Then 

X x 2 =P(e, x)X x-P(x)X e. 

This readily follows from (2), using § 3, (17). 
We next discuss some Lie algebras related to the automorphism group 
of!/, Let H be that group. Clearly He G. 
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4.6 Proposition. H consists of the elements of G that fix e. 

Let gEG, ge=e. We have to prove that g is an automorphism. From §1, 
(3) and the definition of the standard automorphism of G we see that 

j(e+ g x)+ j(e+ j(g' . x)) = g' . e. 

Using again § 1, (3) it follows that 

(7) j(e+g x)-j(e+g'· x)=g'· e-e. 

Put h=g'· g-l. The last formula implies that 

j x=j(e-he+hx)+g'· e-e 

(this is to be considered as an identity of rational functions). 
The left-hand side being homogeneous of degree -1, it follows that 

j(t(e- h e) +h x)-j(e- h e+ h x)- g' . e+ e= t- 1(g' . e - e), 

if tEK*. For suitable XE V the left-hand side is regular in t=O. This can 
only be if g' . e = e. It then follows from (7) that g' = g, which means that 
g is an automorphism. 

We put HI =H n G1 and 

f)={XEgIX e=O}, 

f)1 = g1 n f). 

Clearly f) and f)1 are Lie algebras. We have L(H) c f). 

4.7 Lemma. (i) f) consists of the linear transformations X of V such that 
X e=O and that 

(8) P(x)X(jx)= -Xx, 

for all invertible x E V; 
(ii) Ifchar(K)9=2 then (8) implies that X e=O. 

Assume that X E g, X e = O. Let Y be such that (2) holds. The formula (6), 
established in the proof of 4.4, shows that Y = X, whence (8). 

If (8) holds, then (6) gives that P(e, X e) y=O. In particular, 2(X e)= 
P(e, X e) e=O, whence (ii). 

4.8 Lemma. If hEHl' X Ef) then Ad(h) X - X E f)1 . f)1 is an ideal in f). 

This follows from 4.4(iii). 
We call the elements off) derivations of!/ and those off)1 inner derivations. 
f) is the derivation algebra of !/. 

4.9 Fields of definition for G and H. (The results which follow will not 
be needed until § 15.) 
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The Lie algebras 9 and 1) are needed to establish results about fields (If 
definition for G and H. We say that G (or H) is smooth if g=L(G) (or 
1)=L(H)). 
Let kcK be a subfield such that Y' is defined over k. We denote by ks 
a separable closure of kin K. 

4.10 Theorem. If G is smooth then G is defined over k. 

We use the notations of 4.1. We can then view G as the isotropy group of 
the point Po, in the action of M on P. The assertion then follows by 
application of [1, 6.7, p. 180], using 4.2(i) and 4.2(iii). 

Next let Y" = (V',j', e') be another J-structure, which is also defined 
over k and which is isomorphic to Y' over K. Let X be the set of isomor
phisms of Y' onto Y", this is a subset of the vector space Hom(V, V') of 
K-homomorphisms of V into V'. 

4.11 Theorem. X is an algebraic subvariety of Hom (V, V'). If H is smooth 
then X is defined over k. 

Use again the notations of 4.1. Let A', B', pi be for Y" as A, B, P for Y'. 
Let ScHorn (V, V') be the set of isomorphisms g of V onto V' with 
g e= e'. S is an algebraic subvariety of Hom (V, V') which is defined over k. 
Let n be the morphism of S x P into pi defined by 

(where [a, b] denote the element of P defined by (a, b)EA x B, similarly 
for Pi). j and j' are identified with elements Po, p~ of P and P'. We then 
have 

X = {gESln(g, Po)= p~}. 

This shows that X is an algebraic subvariety of S, hence of Hom(V, V'). 
Let p be the morphism of S into pi defined by p(g)=n(gj). It is clear that 
dim p(S)=dim S -dim H. Now by a computation as the one used to 
establish 4.2 (i) one proves that the kernel of (d p)x is isomorphic to 1) as a 
vector space, in any point XEX. It then follows from the smoothness of 
H that (dp)x is surjective. As in [1, p. 181] it then follows that X is defined 
over k. 

4.12 Corollary. If H is smooth then H is defined over k. 

This is the case S' =S of 4.10. 

4.13 Corollary. Assumptions of 4.11. There is an isomorphism of Y' onto 
Y" which is defined over ks • 

X is defined over k by 4.11, hence X(ks)*¢ (in fact, X (ks) is Zariski dense 
in X, see [1, 13.3, p. 52]). 
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4.14. With the previous notations, assume now moreover that k is a 
perfect field. Then G and H are always defined over k, as follows from 
[1, p.47] (observe that G and H are clearly k-closed). So for perfect 
base fields, the smoothness condition can be omitted in 4.10 and 4.12. 
The same is true for 4.11. 

Notes 

It can be shown that (2) is equivalent to 

P(Xx,x)=XoP(x)-P(x)o Y (xeV). 

With this formula one recovers the definition of the structure algebra of a Iordan algebra, 
given in [14, p.437]. 
The use of the Lie algebra in 4.10 and 4.11, to deal with problems about (non-perfect) fields 
of definition is a familiar principle from the theory of linear algebraic groups, see e.g. [3]. 
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We keep the notations of Section 4. In this section we shall discuss 
J-structures of degree d~3, the most interesting case being d=3. The 
trivial case d= 1 has already been discussed in 2.19. 

We assume that dim v> 1. We also suppose that the norm N is a 
nondegenerate polynomial function (see 0.15). We shall see in § 9 that this 
means that the J-structure Y' is semisimple. 

5.1. We first assume that d=2. In that case the norm N is a quadratic 
form on V. We put 

N(x, y)=N(x+ y)-N(x)-N(y) (x, yE V), 

then (x, y) H N (x, y) is a symmetric bilinear form on V x V. Let 

Nx(y)=N(x, y), 

then Nx is a linear function on V. 
Since d = 2, the numerator n of j is a linear transformation of V. From 

(J 1) and 1.8 one obtains that n2 =id. From§3, (3) with x=e one then finds 
that 

n(x)= -x+N(x, e) e, 

hence j has the same form as in 2.17. One then shows that, as in 2.18, the 
structure group G of j consists of the linear transformations gEGL(V) 
such that there exists aEK* with 

N(gx)=aN(x) (XEV). 
Put 

R={XEVINx=O}. 

Then R is a G-stable subspace of V. If Nx"*O for some XEV we have 
R"* V and then axiom (13) implies that e¢ R. Hence Ne "* 0 and we are 
in the situation of 2.17. If Nx=O for all XE V, then 2=N(e, e)=O, so that 
char(K) = 2. Then N is the square of a linear function. The nondegeneracy 
of N then implies that dim V = 1, which is impossible. It follows that a 
J-structure of degree 2 with nondegenerate norm is isomorphic to some 
(!Jr' (!J;,,, (!J~,r (the latter two if char(K) = 2). 
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5.2. From now on we assume in this section that d = 3. Hence N is a 
cubic form on V. We put 

N(x, y)=(dN)Ay) (x, yE V). 

Then (x, y) H N (x, y) is a polynomial function on V x V, which is homo
geneous of degree 2 in its first variable and linear in the second one. We 
have for x, yE V 

Put N(x+ y)=N(x)+N(x, y)+N(y, x)+N(y). 

N(x, y, z)=N(x+ y, z)-N(x, z)-N(y, z) (x, y, ZE V), 

then (x, y, Z)H N(x, y, z) is a trilinear form on Vx Vx V. 
From the (easily checked) identity 

N(x, y, z)=N(x+ y+z)-N(y+z)-N(x+z)-N(x+ y) 

+N(x)+N(y)+N(z) 

one concludes that the trilinear form is symmetric in its three variables. 
We have 

N(x, x, y)=2N(x, y), N(x, x)=3N(x), N(x, x, x)=6N(x). 

Define a symmetric bilinear form (f on V x V by 

(1) (f(x, y)=N(e, x) N(e, y)-N(e, x, y), 

by 1.18 this is the standard symmetric bilinear form (f, defined in 1.11. 
The numerator n of j is now a quadratic map V~ V. We define a 

symmetric bilinear map (x, y) H X X Y of V x V into V by 

x x y=n(x+ y)-n(x)-n(y). 

By (J 1)(ii) we have 
(2) n(e)=e, N(e)= 1. 

It follows from (J 1)(i) and 1.8 that 

(3) n(nx)=N(x) x (XEV). 

Moreover it follows from the definition of Nand (f (see 1.11) that 

(4) N(x,y)=(f(nx,y) (X,YEV). 

5.3 Lemma. Assume that the polynomial function N is reducible. Then !/ 
contains an ideal of codimension 1, hence !/ is not simple. 

If N is reducible then one of its irreducible factors must be a linear func
tion I. It follows from 1.12 that we have i(jx)=I(x)-l if x is invertible. 
The definition of an ideal then shows that Ker I is an ideal of co
dimension 1. 
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Let V be a finite dimensional vector space, let eE V. Suppose that 
N is a nondegenerate cubic form on V and n a quadratic map v-v. 
Define a rational map j: V-V by 

j x=N(X)-l . n(x) (XE V). 

We shall give conditions for (V, j, e) to be a J-structure. We introduce the 
notations of 5.2. 

5.4 Lemma. Assume that (2), (3) and (4) hold. Let aE V. 
(i) We have O"(a, V)=O if and only if N(V, a)=O; 

(ii) If char(K)=I= 2,3 then 0" is nondegenerate; 
(iii) Ifchar(K)=2 then O"(a, V)=O implies N(a)=O, ifmoreover N(a, V)=O 
then a=O; 
(iv) If char(K)=3 then O"(a, V)=O implies N(a, V)=O, if moreover 
N(a)=O then a=O. 

(i) follows from (3) and (4). Assume that O"(a, V)=O. From (4) we infer that 

(5) N(x, y, z)=O"(x x y, z)=O"(y x z, x) 

whence N(x, y, a)=O for all x, yE V. In particular we have 2N(a, x)= 
N(x, x, a)=O, also 3N(a)=N(a, a)=O. If char(K)=I=2, 3 this shows that 
N(a, V)=O, N(a)=O. Hence N(x+a)=N(x) for all XEV so that a=O by 
the nondegeneracy of N. This establishes (ii). The proof of (iii) and (iv) 
is similar. 

The following theorem is the main result of this section. 

5.5 Theorem. Assume that (2), (3) and (4) hold and that N is irreducible. 
Then .51' = (V, j, e) is a J-structure. 

We have to prove the axioms (J1), (J2), (J3), under the assumptions of 
5.5. Applying n to both sides of (3) and using (3) with n x instead of x, 
we find that 

N(nx)=N(x)2 (XEV), 
whence 

NU x)=N(X)-l (if N(x)=!=O). 

(2) then implies (J l)(i). That (J 2)(ii) holds follows also from (2). 
From (4) we obtain (if N(x)=l=O) 

NU x, y)=N(X)-l O"(x, y), N(y,j x)=N(X)-l O"(nx, ny), 
whence 

N(x) NU x+ y)= 1 +O"(x, y)+O"(n x, n y)+ N (x) N(y). 

It follows that if N (x) N (y) =!= 0 we have 

(6) N(x) N(j x+ y)=N(y) N(x+j y). 
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Let N(x)=j=O, thenj is regular in x. As in § 1, (16) define a linear trans
formation P(x) of V by 

P(x)= _(dj);l = -(dj)jx. 

Using the definition of j one finds that 

-(dA(y)=N(x)-2 N(x, y) n x-N(X)-l x x y. 

Replacing x by j x and using (3) and (4) one then finds 

(7) P(x) y=a(x, y) x-nx x y. 

It follows that P is, in fact, a quadratic map V----. End (V), as in §3. 
Let X be an indeterminate over K. For x and y in a suitable open 

subset of V we then have a formal power series for j(x+ yX), which has 
the form 

j(x+ yX)=jx-p(X)-l yX + .... 

Using (6) we obtain that 

-N(x+ yX)N(j(x+ yX)-j x)N(x)=N(y)X3. 

Comparing coefficients of X 3 we see that 

N(X)2 N(p(X)-l y)=N(y). 

Replacing x by j x this gives 

(8) N(P(x) y)=N(X)2 N(y) 

for N(x)=t=O, hence for all x, yE V 
From the definition of P it follows that P(x) PU x)=id (if N(x)=j=O), 

in particular we have P(ef=id. We next show that P(e)=id. From (1), 
(4) and (5) we find that 

. a(x, y)=a(x, e) a(y, e)-a(e x x, y). 

Using (7) this gives 

(9) a(P(e) x, y)= a(x, y) (x, yE V). 

5.4(ii) shows that P(e)=id if char(K)=j=2, 3. 
To deal with the remaining cases we use the other statements of 5.4. 

If char(K) = 2 we have to show, by (iii), that N(P(e) x-x, y)=O. Now 

N(P(e) x-x, y)=N(P(e) x, y)+N(x, y)-N(P(e) x, x, y). 

Using (8) and (4) one sees that 

N(P(e) x, y)=N(x, P(e) y)=N(x, y). 
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Similarly, N(P(e) x, x, y)=N(x, x, y). It follows that 

N(P(e) x-x, y)=2N(x, y)-N(x, x, y)=O. 

This establishes that P( e) = id if char (K) = 2. If char (K) = 3 the proof is 
analogous. 

We can now establish axiom (J2). (6) with y=e gives 

N(x)N(e+jx)=N(e+x) (N(xHO). 

It follows that in order to prove (J 2) we have to establish that 

n(e+x)+N(x) n(e+j x)=N(e+x) e (if N(x)=FO), 

which is a direct consequence of (3), (4) and P(e)=id. 
It remains to prove (J 3). Let G be the structure group of j. We shall 

establish that P(x)EG(N(x)=FO). This follows from the following auxiliary 
result. 

5.6 Lemma. If x, yE V then P(x) n(P(x) y)=N(X)2 n y. 

This is proved by a formal computation. It follows from (3), replacing x 
by x + t Y (t E K), and comparing coefficients of t2 and t3 on both sides of 
the resulting formula, that 

(10) 

(11) 

n x x n y+n(x x y)=N(x, y) y+N(y, x) x, 

nx x (x x y)=N(x) y+N(x, y) x. 

The first formula gives, using (3) and (4), that 

n(n x x y)= - N(x)(x x n y)+ N(x) a(x, y) y+ a(n x, n y) n x. 

Similarly, the second one implies that 

N(x){x x (nx x y))=N(x? y+N(x) a(x, y) nx, 
whence 

(12) x x (nx x y)=N(x) y+a(x, y) nx, 

if N(x)=FO, hence also for all xEV. 
By (7) we have 

n(P(x) y) = a(x, y)2 n x + n(n x x y) - a(x, y){x x (n x x y)). 

Using the previous formulas we obtain 

n(P(x) y)= -N(x)(x x n y)+ a(n x, n y) n x=P(nx) n y. 

Since PU x)=P(x)-l(N(xHO) the equality of the two extreme terms is 
equivalent to the formula of the lemma. 
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It follows from 5.6 that 

P(x)j(P(x) y)=j y 

which shows that P(X)EG if N(x)=l=O. 
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Put x2 = P(x) e (XE V). In order to establish (J3) it now suffices to 
prove: 
the morphism f: x f-+ x2 of V into V has a dense image. 

Put P(x, y)=P(x+ y)-P(x)-P(y). From (7) one obtains that 

P(x, y) z = u(x, z) y + u(y, z) x - (x x y) x z. 

Using (1) and P(e)=id one then sees that 

(13) P(x, e) y=P(x, y) e, 

whence 
P(x,e)e=2x (XEV). 

But P(x, e) = (df)e(x). Hence (df)e is multiplication by 2. So, if char(K)=l=2, 
we have that (df)e is surjective. It then follows that f(V) is dense in V 
(see [1, 17.3, p.75]). 

If char(K)=2 we have to give a more complicated argument. We 
first derive some properties of P (which have to hold in a J-structure). 
From axiom (J 2), which has already been established, we conclude that 

(dj)e+x + (dj)e+ixo (dDx =0 

(for x in a suitable open subset of V), whence 

P(x)P(e+j x)=P(e+x) (N(x)=l=O) 
and 

P(x)P(e,j x)=P(e, x). 

Differentiating again we deduce 

P(x, y)P(e,j x)-P(x)P(e,P(x)-l y)=P(e, y) (N(x)=l=O). 

From now on assume that char (K) = 2. Replacing y by e and x by j x 
it follows that 

P(e, x 2)=P(x) P(e,j x) P(e, x) (if N(x)=l=O). 

Using (13) we obtain 

P(e, x 2 ) x=P(x) P(e,j x) P(e, x) x=2P(x) P(e,j x) P(x) e=O 

if N(x)=l=O, hence P(e, x 2) x=O for all xEV. 
By (13) it also follows that 

P(e, x) e=P(e, x2) e=P(x, x2) e=O, 
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consequently we have for a, b, cEK, XE V 

By (7) 
x 2=nx+0"(x, e) x+O"(e, nx) e, 

whence 

Now by (7) 
(n X)2 =P(n x) e= O"(n x, e) n x- N(x)(x x e). 

Expressing everything in terms of e, x and x2 we find that there exist 
polynomial functions a and f3 such that 

(ae+bx+cx2)2 

= (a2 + a(x) c2) e + (N(x) + O"(n x, e) O"(x, e)) c2 x +(b2 + f3(x) c2) x2. 

It follows that if N(x):j= O"(n x, e) O"(x, e) there exists a, b, CEK such 
that 

By assumption N is irreducible, so the set of XEV such that N(x):j= 
O"(n x, e) O"(x, e) is a nonempty open subset of V. This proves that f(V) 
contains a dense open subset of V, if char(K) = 2. This concludes the proof 
of 5.5. 

5.7 Corollary. Under the assumptions of 5.5 the set of squares of elements 
of V is dense in V. 

This was established in the course of the proof of 5.5. 

5.8 Corollary. Assume moreover that 0" is nondegenerate. Then the inner 
structure group and the identity component GO of the structure group act 
irreducibly in V. 

Since 0" is the standard symmetric bilinear form of 9; 5.8 follows from 3.7. 

5.9 Remark. The assumption that N be irreducible has been used in the 
proof of 5.5 only in the characteristic 2 case. It would not be difficult to 
deal with the case that N is reducible. 

5.10 Exceptional J-structures. We next discuss an application of 5.5, 
namely the construction of exceptional J-structures. The method used 
in the adaptation of the construction of exceptional Jordan algebras 
by Tits. 
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Let A be a central simple associative algebra over K of degree 3, with 
identity element 1 (see 0.17). Hence A is isomorphic to the algebra M3 of 
3 x 3 matrices. Let v and r denote the reduced norm and reduced trace 
of A, respectively. There exists a quadratic map adj of A into itself such 
that for invertible aEA we have 

(see 2.5). 
Put V=AEj3AEj3A, e=(I,O,O)EV. Fix r:t.EK*. We define a cubic 

form N on V, a quadratic map n: V--4 V and a symmetric bilinear form a 
on V x Vas follows. Let x = (xo, Xl> X2), Y = (Yo, Yt, Y2) be elements of V. 
Then 

(14) N(x)=v(xd+r:t.v(Xl)+r:t.- l V(X2)-r(xO Xl X2), 

(15) n(x)=(adj Xl-Xl X2, r:t.- l adj X2 -Xo Xl> r:t. adj Xl -X2 xo), 

(16) a(x,y)=r(xoYO+XlY2+X2Yl). 

Define a rational map j: V --4 V by 

j x=N(X)-l. n(x) (if N(x)=!=O). 

We claim that (V,j, e) is a J-structure. In order to establish this, it 
suffices by 5.5 to show that: 
(a) N is irreducible, 
(b) the formulas (1), (2), (3) and (4) hold. 

We know that v is a irreducible polynomial function on A (see 2.5). 
Since v can be identified with the restriction of N to the subspace (A, 0,0) 
of V, it follows that N is irreducible. Also, (2) is trivially verified. So to 
prove that (V,j, e) is a J-structure it remains to be shown that formulas (1), 
(3) and (4) are verified. This we shall do now. 

5.11. For a, b, CEA define v(a, b) and v (a, b, c) as in 5.2. It follows from 
1.11, 1.18 and 2.5 that 

(17) 

(18) 

v(l, a)=r(a), 

v(l, a, b)=ra· rb-r(ab). 

The definition (14) of N then shows that we have 

(19) 

N(x, y)=(dN)x(y)=(d2 NMx) 

=v(xo, Yo)+v(Xl> Yl)+V(X2, Y2)-r(yo Xl X2) 

-r(xo Yl X2)-r(xO Xl Y2), 
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whence 
(dN)e(x)=v(l, Xo), 

(d2 N)e(x)=v(xo, 1)-r(xl x2), 

(d2 N)e(x, y)=v(Xo, Yo, 1)-r(xl Y2)-r(YI x2)· 

It follows that 

N(e, x) N(e, y)-N(e, x, y) 

=v(l, xo) v(l, Yo)-v(l, xo, YO)+r(xl Yz +X2 YI)· 

By (16), (17) and (18) the right-hand side equals IT(x, y). This shows that (1) 
holds. 

(4) follows from (19) and the definitions (15) and (16) of n and IT, 
bearing in mind that 

v (a, b)=r (adj a· b) (a, bEA), 

which is obvious in the matrix algebra 1M3 . 

5.12. It finally remains to prove (3). This can be done by a straightforward 
calculation, to be found in [23, p. 508]. A less computational proof is as 
follows. 

We assume A=1M3 . Let ao, aI' a2 be invertible elements of A with 
v(ad=l. 
Define linear transformations g, g' of V by 

g(xo, Xl' x2)=(aO Xo all, al Xl all, az Xz ao l), 

g'(xo, Xl, x2)=(al Xo aol, ao Xl a21, a2 X2 all). 

g and g' are nonsingular. It follows from the definition of g and g' that 

(20) {
N(g x)=N(g' x)=N(x) 

n(g x)=g'n(x) 

(for the second formula observe that adj(axb)=b-l·adjx·a- l, if a 
and b are invertible elements of A with v(a)=v(b)=I). 

We now claim: there is an open subset U =l= 0 of V such that for 
X = (xo, Xl, X2) E U there exists g with g X = (Yo, Y1, Yz), where the Yi are 
nonsingular diagonal matrices. 

Let U be the subset of the x=(xo, Xl, X2)E V such that Xo Xl x2 is a 
nonsingular matrix with three distinct eigenvalues. Clearly U is open 
and non empty. If XEU, let aoEA be such that v(ao)=1 and that 
ao Xo Xl X2 ao l is a diagonal matrix. Taking for al and a2 suitable scalar 
multiples of ao Xo and ao XlI, the corresponding g will be as required. 
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Now (3) is easily checked if x=(xo, Xl' X2) with diagonal Xi' It then 
follows form (20) that this formula also holds if XE U. Since U is open 
and nonempty, it follows by continuity that (3) holds for all XE V. 

5.13. We denote the J-structure introduced in 5.10 by @"3(A, ex) and we 
call it an exceptional J -structure of the first kind. If A is defined over k c K 
and if ex E k* it follows readily from the definitions that @"3 (A, ex) is defined 
over k. 

5.14 Lemma. Let A be defined over kcK, let ex, {3Ek*. Assume that there 
exists uEA(k) such that {3=ex v (u). Then @"3(A,ex) and @"3(A,{3) are k-iso
morphic. 

The underlying vectorspaces of @"3 (A, ex) and @"3 (A, {3) are the same, 
viz. A EB A EB A. It is readily checked that the automorphism (xo, Xl' X2) H 

(xo, Xl U, u- l x2 ) yields an isomorphism of @"3(A, {3) onto @"3(A, ex). 
Put @"3 =@"3(M3, 1). It follows from 5.14 that @"3(A, ex) is K-isomorphic 

to @"3 (but this need not to be so over k c K, if @"3(A, ex) is defined over k). 
It is obvious from (16) that the symmetric bilinear form (J is non

degenerate. Hence by 5.8 the inner structure group of @"3 acts irreducibly. 
@"3 is a J-structure of degree 3. The dimension of its underlying vector 

space is 27. Observe that @"3 is not isomorphic to any of the J-structures 
vIIr, Y,., dr' (92,,, (9~,,, (9;,,, discussed in § 2. By degrees, such an isomorphism 
could only be with vii 3, ~ or d 3 , whose underlying vector spaces have 
dimensions different from 27 (namely 9, 6 and 15). 

5.15 Exceptional J-structures of the second kind. Let B be an algebra 
with an involution of the second kind p which is simple over K (as an 
algebra with involution). This means that there is a simple algebra A 
over K and an involution I of A such that B=AEBA and that p(al , a2)= 
(la2,lal)· 

Assume that A is of degree 3, so that A is isomorphic to M 3 . Put 

Bo={XEBlpx=x}, 

V =BoEBB, e=(l,O). 

B consists of the elements (a, I a) (aEA). 
Let again v and T denote reduced norm and reduced trace of A. Put 

L=KEBK, this is the centre of B. We consider K as the subfield of 
p-invariant elements of L. Define f.l: B~L by f.l(a l , a2)=(v(al ), v(a2»)· 
Since f.l(px)=f.l X for xEBo, we have a polynomial map f.lo: Bo~K with 
f.lo(a, I a)=v(a). Let ex be an invertible element of L, let uEBo be such that 
f.lo (u) = ex . P ex. Denote by t the linear map B~L with t(al , a2)= 
(Tal' Ta2), let to be the linear map Bo~K with t(a,la)=Ta. 
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Let q, qo be the quadratic maps B -4 Band Bo -4 Bo, respectively, 
with 

q(al , a2)=(adj al> adj a2 ) 

qo(a, a) = {adj a, z(adj a»). 

We now define the ingredients N, nand u for a l-structure by the 
following formulas {in which v = (xo, x) and w = (Yo, y) are elements 
of V =BoffiB). 

(21) N(v) = Jlo (xo)+ a Jl(x) + p a . Jl(p a) - t{xo x u(p x»), 

(22) n(v)=(qoxo-xu(px), pa· q(p x) u-I-XO x), 

(23) u(v, w) = to(xo Yo)+ to (x u(p y) + Y u(p x»). 

Define the rational map j: V-4 Vby 

j x=N(X)-I. n(x) (N:(xHO). 

We claim that (V,j, e) is a l-structure. To show this, let a=(al> (2), U= 

(u l , z u1 ). Define a linear isomorphism </J: A ffi A ffi A -4 V by 

</J(xo, Xl' x 2)= {(xo , z xo), (Xl' z(u1 1 X2)))' 

If we express N(</J x), n(</J x), u(</J x, </J y) in terms of Xo, Xl' X2, we get the 
formulas (14), (15), (16), with a replaced by a l . This establishes our claim. 

5.16. We denote the l-structure defined in 5.6 by $3 (B, p, u, a) and we 
call it an exceptional l-structure of the second kind. From what we 
established in 5.15 it is clear that this l-structure is isomorphic to $3' 
However, if we take into account fields of definition the construction 
of 5.15 becomes more interesting. 

Let I and k be subfields of K, such that I is separable quadratic 
extension of k. Let C be a central simple algebra of degree 3 over I, with 
an involution , of the second kind, whose field of invariants in the 
centre I is k. Put B=CrghK, u=,®id. Let aEI*, uEC(k) such that 
, u = u, Jl (u) = a . id (where Jl denotes the restriction of the reduced norm 
of C). 
Then the l-structure $3 (B, p, u, a) is defined over k, as follows readily 
form (21) and (22). Such a l-structure is not necessarily k-isomorphic 
to an exceptional J -structure of the first kind. 

Notes 

The treatment of I-structures of degree 3 given here is similar to that given by McCrimmon 
of exceptional Iordan algebras in [23] and [24]. 5.5 is a variant of [23, Theorem 1, p. 499]. 
The usefulness of results like 5.7 in characteristic 2 will appear in § 7. 



§5. J-structures of Low Degree 65 

Tits' construction of exceptional Jordan algebras is discussed in [14, p.412-414], if 
char(K)402 and in [23] and [24]. We shan return to the construction in §15. 
It will be shown in the next sections that there is a close connection between J -structures 
and Jordan algebras. The exceptional J -structures are then related to the so-caned excep
tional Jordan algebras. The usual way of introducing these algebras is by using hermitian 
3 x 3 matrices over an octave algebra (or Cayley algebra). This suggest another way of 
defining 83 , taking V to be the space of these 3 x 3 matrices. We do not discuss the details 
of this alternative approach to 83 here. The interested reader will have no difficulty in 
extracting the details from the literature on Jordan algebras. 
In particular, the formulas which are relevant for the definition can be found in [23, 
p. 501-502]. The proof that the conditions of 5.5 are verified can also be based on the 
results established there. The connection between the two approaches to 83 is discussed 
in [14, p. 414-415]. This alternative approach to 83 will not be used in the sequel. 
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In this section we shall show that if char(K) =to 2, a J-structure is essentially 
the same thing as a Jordan algebra. We denote by A a finite dimensional 
commutative algebra with identity element e. A is not assumed to be 
associative. The linear transformation y H X Y of A is denoted by L(x). 

6.1 Lemma. (i) There exists a unique birational map i: A - A such that 
ix· x=e ifi is regular in xEA; 
(ii) i is homogeneous of degree -1 and i2 = id, i is regular in e and i e = e; 
(iii) If A is defined over k c K then i is defined over k. 

The proof is similar to that of 2.1. L(x) is nonsingular for x in a nonempty 
open subset U of A, containing e. Defining ix=L(x)-l·e(xEU) it is 
clear that i satisfies (i). 

The uniqueness follows from the fact that the requirement of (i) defines 
i on the open subset U of A. (ii) and (iii) are trivial (to prove i 2 = id one 
needs the commutativity of A). 

We call the birational map i the inversion of A. We say that xEA is 
invertible if i is regular in x and we then write x -1 = i x. We call x -1 the 
inverse of x. 

6.2. We define the powers of aD element xEA as in 3.10. Let X be an in
determinate over K. Then there is a formal power series 

00 

(1) i(e-xX)= L xm X m, 
m=O 

where x H xm is a rational map A-A. From 

(e-xX) i(e-xX)=e 

we obtain that X O = e, Xl = x and that 

(2) 

from which one sees that x H xm is a polynomial map of degree m. We 
call xm the m-th power of x. (2) shows that our definition of powers is the 
usual one. 
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6.3 Jordan algebras. We recall that A is said to be a Jordan algebra if 
we have 

(3) 

From (3) one finds, replacing x by x + z and comparing linear terms in z 
in both sides of the resulting equality, 

2x(x z) Y)+Z(X2 y)=2(x y)(x Z)+X2(y z), 
whence 

L(x2 y)= - 2L(x) L(y) L(x) + 2L(x y) L(x) + L(x2) L(y) (x, YEA). 

Putting y=xm- 1 (m~2) and using that x2·xm-l=xm+l (which 
follows from (2) and (3)) this gives that 

L(xm+l)= - 2L(x) L(xm-l) L(x)+ 2L(xm) L(x)+ L(x 2 ) L(xm- 1). 

By induction one then proves that 

(4) 

We can now prove another characterization of Jordan algebras. 

6.4 Proposition. A is a Jordan algebra if and only if we have for all in
vertible x E A and all YEA that 

(5) 

Suppose that A is a Jordan algebra. Let X be an indeterminate over K. 
Using (1) and (4) we obtain that the formal power series for (e-xX)· 
(i(e-xX) y) and iCe -x X) (e-x X) y) are equal. 

It follows that we have 

(e- t x}(i(e- t x) y)= i(e- t x)(e - t x) y), 

if x, YEA and t E K such that e - t x is invertible. This implies (5) for x in a 
suitable nonempty open subset of A. By continuity it then follows that (5) 
holds for all invertible x. 

Conversely, assume that (5) holds. Replacing x bye-xX in (5) and 
using (1) we find the defining Jordan algebra identity x(x 2 y)=x2 (x y) by 
equating coefficients of X 3 in both sides of the resulting equality. 

The next theorem is the main result of this section. 

6.S Theorem. Assume that char(KH 2. 
(i) Let A be a Jordan algebra with inversion i and identity e. Then (A, i, e) 

is a J -structure; 
(ii) Let (V,j, e) be a J-structure. There exists a unique Jordan algebra 
structure on V with identity element e, whose inversion is j. 
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Proof of (i). We have to establish that the axioms (11), (J2) and (J3) of 
1.3 hold for (A, i, e). That (11) holds follows from 6.1 (which holds for 
any commutative algebra with identity). 

We next prove (12). It follows from (5), by induction on m, that 

(6) 

if xEA is invertible. Let X be an indeterminate over K. It follows from (6) 
that we have the following identity of formal power series 

00 

(X _X-I) L xm xm= -X. 
m=1 

By (1) this implies that 

(X -x-I)(e-i(e-xX))= -X, 

from which we conclude that there is a nonempty subset U of A such that 

(e-ix)(e-i(e-x))= -e, 

if XE U. This implies (12): the last formula is easily seen to be equivalent 
to § 1, (3). 

It remains to prove (J3). If xEA is invertible, let 

P(X)-I= -(di)x. 

From x· X-I =e we obtain by differentiation that 

x (di)x(Y) + y X-I =0, 
whence 

(7) L(x -1)P(x)=L(x). 

From X-I. x 2 =X (which is a particular case of (6)) we find by dif
ferentiation that 

x- I .2xy+(di)Ay)x2 =y. 

Using (5) and (7) this implies that 

(8) P(x)y=2x(x y)_x2 y. 

It follows that the rational map X N P(x) of A into the space of endo
morphisms End(A) is a quadratic polynomial map. Put 

P(x, y)=(dP)x(Y) (x, YEA). 

P(x, y) is a linear transformation of A, which by (8) is given by 

(9) P(x,y)z=2x(yz)+2y(xz)-2z(xy) (x,y,zEA). 
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(9) and (5) imply 

(10) 

if y is invertible. 
Differentiation of (7) gives that 

- (P(X)-1 y)(P(x) z)+x- 1(P(x, y) z)= y z. 

Taking z= y-1 and using (10) we get 

P(X)-1(y). (P(x) y-1 )=e, 
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if x and yare invertible. But this means that all P(x) (x invertible) are in 
the structure group of i. To establish (J 3) it now suffices to prove that the 
set of elements P(x) e (x invertible in A) contains a nonempty open 
subset of A. But by (8) we have P(x) e=x2 • 2.9 now gives what we want 
(observe that the hypothesis char(K)::j:: 2 is needed here). This finishes 
the proof of (i). 
Proof of(ii). We use the notations of §3 for the J-structure (V,j, e). If we 
have an algebra structure on V such that j x = X -1 for all invertible 
elements (for the algebra structure) then comparing (1) with the defini
tion of powers in a J -structure, given in § 3, (17), we see that the square 
of an element of the algebra must be the same as the square in the J-struc
ture. P now being as in § 3, we have x 2 = P(x) e. Replacing x by x + y, 
it follows that the product of the algebra structure must be given by 

(11) 2xy=P(x,y)e. 

This already proves the uniqueness statement of (ii). To prove that (11) 
defines a Jordan algebra structure, it suffices by 6.4 to prove (5). Letj be 
regular in x. From § 3, (8) and (10) it follows that 

P(x,j x) e=P(x, e)j x=2e. 
(11) then shows that 

x·jx=e. 

Consequently j is inversion of the algebra structure defined by (11). 
We have remarked in §3 (immediately after §3, (13)) that P(x, e) and 
P(j x, e) commute, hence 

P(j x, e) P(x, e) y=P(x, e) P(j x, e) y. 

By §3, (10) this is the same as (5). Hence (11) defines a Jordan algebra 
structure. 

6.6 Corollary. Let A be a Jordan algebra with inversion i. Then we have, 
if x E A is invertible, 

-(di);1 y=2x(x y)_x2 y. 

This is formula (8), which was established in the course of the proof of (i). 
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6.7. Let A be a Jordan algebra (in characteristic =l= 2) with identity element e 
and inversion i. We denote the J-structure (A, i, e) by f{A) and we call 
it the J-structure defined by the Jordan algebra A. If A is a commutative 
associative algebra then this J -structure is the same as that of 2.1. 

If A is an arbitrary associative algebra and if char{K) =l= 2 define a 
commutative multiplication x 0 y on A by 

2x o y={xy+yx). 

Let A + denote the resulting algebra. It is well-known (and easy to prove) 
that A + is a Jordan algebra. It then follows that the J-structure f{A) 
of 2.1 coincides with the J-structure f{A +) of 6.5 (i). 

It should be remarked that the correspondence between J-structures 
and Jordan algebras, given in 6.5, possesses the obvious functorial 
properties. 

6.8 Invariant bilinear forms of f{A). Let A be a Jordan algebra. With the 
notations of 6.7 let B be an invariant bilinear form in V x V, with respect 
to f{A) (see 1.22). 

From §1, (19) and 1.16{v) we find that 

(12) B(P{x) y, z)=B(y, P{x) z), 

whence 
B(P{x, e) y, z)=B(y, P{x, e) z). 

By (11) this means that 

(13) B{x y, z)=B{y, x z). 

In particular, if a is the standard symmetric form of f{A) and 1: the trace 
of f{A) (see 1.11) then 

a{x, Y)=1:{x y). 

Conversely, if (13) holds then (8) implies that (12) holds and it follows 
that B satisfies § 1, (19) for all g in the inner structure group. 

6.9 The structure algebra of f{A). In the situation of 6.7, let 9 and ~ 
be the structure algebra and the derivation algebra of the J-structure 
f{A) (these Lie algebras were defined in §4). We shall give a more explicit 
description of 9 and ~. 

6.10 Proposition. (i) ~ consists of the linear transformations X of A such 
that 

(14) X{ab)=a{Xb)+{Xa)b (a,bEA); 

(ii) All L{a) (aE A) lie in 9 and 9 is the vector space direct sum of ~ and 
L{A). 



§6. Relation with Jordan Algebras (Characteristic *2) 71 

By 4.7 (i) it follows that X e ~ if and only if X e = 0 and 

P(a)X(a- 1)= -X a (a invertible), 

where P is the quadratic map of .I(A). 
Let T be an indeterminate over K. Replacing a by e - a T in the last 

formula it follows from the resulting formula that X e ~ if and only if 
Xe=O and 

(15) Xan=P(e,a)Xan-l-P(a)Xan-2 (n~2). 

In particular, 
X a2 =P(e, a)X a=2a· X a, 

which implies (14). Conversely, (14) implies X e=O and (15) (use (8)). 
This establishes (i). 

From (4) and (8) it follows that P(x) and L(x) commute. Then (7) 
implies that P(X)L(X-l)=L(x). Hence 

P(x)(ax-1)=ax (aeA, x invertible). 

By §4, (2) this shows that L(a)eg. 
Let Xeg. Then it follows, using (i), that X-L(Xe)eh. Hence g= 

I) + L(A). That this is a direct sum is obvious. 

6.11. Let L(a, b) be as in §4. By §4, (4) and (9) we have 

L(a, b) x =2 a(b x)+ 2(a b) x - 2 b(ax). 

From this formula one infers, using 6.10(i) that the Lie algebra ~l of inner 
derivations of .I(A) now consists of all sums of linear transformations 
of A of the form 

x ~ a(b x)-b(a x), 

which is the usual definition of inner derivations of a Jordan algebra, 
see [14, p. 35]. 

Notes 

The symmetrization of an associative multiplication, briefly mentioned in 6.7, was the 
procedure which led P. Jordan to the identity (3). A result of the same type as 6.4 was first 
proved by Koecher [16, Satz 1, p. 70]. The deduction of (J 3), given in the proof of 6.5, is 
taken from [8, p. 66-69]. 6.10 is a familiar result, see [8, IX, 5.1, p. 289]. 



§ 7. Relation with Quadratic Jordan Algebras 

In the main result of §6 (Theorem 6.5) we had to assume char(K)=t=2. 
If one wishes to include the characteristic 2 case, Jordan algebras do not 
suffice. One then needs the quadratic Jordan algebras. We first recall the 
definition, in a form adapted to our point of view. 

7.1 Quadratic Jordan algebras. A quadratic Jordan algebra is a triple 
.E1=(v, P, e), where V is a finite dimensional vector space over K, P a 
quadratic map of V into the space End(V) of its endomorph isms and e a 
nonzero element of V, such that the axioms to be stated below hold. 
Putting P(x,y)=P(x+y)-P(x)-P(y) we obtain a symmetric bilinear 
map P( , ) of V x V into End(V). 

The axioms for a quadratic Jordan algebra are as follows: 
(QJ1) P(e)=e, P(x, e) y=P(x, y) e; 
(QJ2) P(P(x)y)=P(x)P(y)P(x); 
(QJ 3) P(x) P(y, z) x =p(P(x) y, x) z . 
.E1 is said to be defined over k c K if there exists a k-structure on the vector 
space V such that P is defined over k and that eE V(k). 

Let .E1 =(V, P, e) be a quadratic Jordan algebra. 

7.2 Lemma. (i) There exists a unique birational map i: V~ V such that 
P(x) i x =X if x is regular in XE V; 
(ii) i is homogeneous of degree -1 and i2 = id, i is regular in e and i e = e; 

(iii) If .E1 is defined over k c K then i is defined over k. 

This is again a result like 2.1 and 6.1. Let U be the set of XE V such that 
P(x) is invertible. U is open andnonempty. For XE U define i x =P(X)-l. x. 
Then i is as required. We shall only prove that i2 =id, which is the least 
trivial assertion of 7.2. By (QJ2) we have P(x)=P(x)P(ix)P(x), hence 
P(ix)=P(X)-l (XE U). Then i2 x=P(iX)-l. ix=P(x) ix=x (XE U). 

We call the birational map i the inversion of .E1. x E V is called invertible 
if i is regular in x and i x is called its inverse. 

7.3 Lemma. Let x be invertible. Then 

(1) 
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(2) 

(3) 

P(x,y) ix=2y (YE V), 

i(P(x) y} =P(i x) i Y if Y is invertible. 
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That (1) holds was already remarked above. To prove (2), put y=ix in 
(QJ3). We then obtain 

P(x) P(i x, z) x = P(P(x) i x, x} z = P(x, x) z = 2 P(x) z, 

which implies (2). 
It follows from (QJ 2) that 

p(P(x) y}(P(i x) i y}=P(x) P(y) P(x) P(i x) i y=P(x) y, 

whence (3) by 7.2(i). 

7.4. We next define the powers of an element x E V. Let X be an indeter
minate over K. We then have a formal power series 

00 

(4) i(e-xX)= L xm X m, 

m=O 

where x H xm is a rational map V ---+ V. 

7.5 Lemma. (i) x H xm is a homogeneous polynomial map of degree m, 
we have xO=e, x 1 =x; 
(ii) The following relations hold for XEV, i,j,m~O 

(5) 

(6) 

P(x)xm=xm+ 2, 

P(xi, xi) xm = 2 xi+ Hm. 

The proof of this lemma is similar to that of 3.11 and is therefore omitted. 
In the proof the formulas (QJ1), (QJ2) and (2) are used. 

xm is defined for all XE V (by 7.5(i)}, it is called the m-th power of x. 
x 2 =P(x)e is called the square of x. 
It might be expected that (V, i, e) is a J-structure if f2 = (V, P, e) is a quadratic 
Jordan algebra. But this is not so. 

7.6 Example. Let char(K)=2. Let Vbe a finite dimensional vector space 
and Q a quadratic form on V. Let eEVbe such that Q(e)=l. We use the 
notations of 2.15. Put 

(7) P(x)y=Q(x,y)x-Q(x))i (X,YEV). 

It can then be verified that f2 = (V, P, e) is a quadratic Jordan algebra. 
Putting (as in § 2) 
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it follows from 7.2(i) and (7) that j is the inversion in fl. As in § 2 one 
sees that the structure group of j is the group G of all gEGL(V) which 
leave Q invariant up to a nonzero scalar factor. 

Suppose now that (with the notation of 2.17) Qe = 0, so that 2.17 does 
not apply to (V,j, e). In that case we have that Qx=O for all x in the orbit 
Ge of e under the structure group G. It follows that if Qe=O but Qx=l=O 
for some XE V, (V,j, e) is not a J-structure because axiom (J 3) of 1.3 does 
not hold. 

To obtain a connection between quadratic Jordan algebras and 
J-structures in characteristic 2, we shall have to make a restrictive 
assumption. 

7.7 Definition. Let char (K) = 2. Let s1 be either a J -structure or a quadratic 
lurdan algebra, with underlying vector space V. d is said to be separable 
if the squaring map x t--+ X2 of V is dominant (i. e. if its image is dense in V). 

7.8 Examples. We assume char (K) = 2. 
(a) Let A be a finite dimensional commutative and associative algebra 
over K. The squaring map s: x t--+ x 2 of A is now a semi linear map of K 
(with respect to the squaring isomorphism of K), hence s(A) is a subspace 
of A. s is dominant if and only if s is surjective, which is the case if and 
only if Ker s = O. But Ker s = 0 means that A is reduced, i.e. has no non
trivial nilpotent elements. It follows that the J-structure /(A) of 2.1 is 
separable if and only if A is reduced. 

If moreover A is defined over k c K, then A is separable if and only if 
A(k)®kK is reduced. As is well-known, this means that A(k) is a direct 
sum of a finite number of separable field extensions of k. 
(b) The example (a) also shows that nonseparable J-structures exist, 
for example the J-structure /(K[b]), where K[b] is the K-algebra of 
dual numbers. 
(c) In the situation of (a), put P(x) y=x 2y (x, YEA). e denoting the identity 
element of A, it is trivially verified that (A, p, e) is a nonseparable quadratic 
Jordan algebra. 

We next discuss separability of the examples of §2 and §5. 

7.9 Proposition. Let char(K)=2. The J-structures .Hr , .9',., dr' (9;,r' (9~,r 
and C3 are separable. 

We discuss the individual cases . 

.Hr' The underlying vector space of the J -structure is the space Mr 
of r x r matrices. The square of a matrix X EMr in the sense of J-structures 
is the usual square. Let U be the set of matrices whose eigenvalues are all 
distinct. U is a nonempty open subset of Mr. 

If X E U, the subalgebra K [X] of My generated by X is a direct sum 
ofr copies of K.1t follows that there exists YEK[X] such that y2=X. 
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Hence all elements of U are squares, which shows that At, is separable. 
9;. The underlying vector space is the space §, eM, of symmetric matrices. 
Since 9; is a substructure of At, (see 2.10) the square of X E§, is again 
the usual square. 

With the previous notations, Un §, is open in §, (and non empty). 
If XEUn§, and if YEK[X] is such that Y 2=X, then clearly YE§,. 

It follows that all elements of Un §, are squares. Hence 9; is separable . 
.xl,. The underlying vector space is the space A 2, C M 2 , of alternating 
2 r x 2 r matrices. Let SEA 2, be as in 2.13. From the definition of .xl, in § 2 
one finds, using §3, (17), that the square in .xl, of XEA 2 , is given by 
s(X)=XSX. 

Let U cA 2 , be the subset consisting of the X EA2' such that the 
polynomial in the indeterminate T given by Pf(TS + X) (where Pf denotes 
the Pfaffian, see 2.12) has r distinct roots. U is clearly open. U is nonempty, 
since it contains the matrices X=(x i) with xij=O if li-jl=l=l, Xi.i+1 = 
Xi+ 1• i=Xi, where the XiEK are all distinct and not equal to 1. 

Let X E U. It then follows from 2.12(i) that the characteristic poly
nomial of SX is the square of a polynomial of degree r, with r distinct 
roots. We claim that SX is a semisimple (=diagonalizable) matrix. 
In order to show this, let V = K2', let (e;)l:5 i:5 2, be the canonical basis 
of V. Define the symmetric bilinear form (, -) on V x V by 

( 
2, 2, ) 2, 

i~lxiei' i~lYiei =i~lXiYi' 
Put 

F(x, y)=(x, Sy), G(x, y) = (x, Xy). 

F and G are alternating bilinear forms on V x V. F is nondegenerate 
(since S is nonsingular) and we have 

G(x, y)=F(x, SX y). 

Suppose that SX is not semisimple. Then there exist linearly inde
pendent x, y E V and a E K, such that 

Then 
SXx=ax, SXy=ay+x. 

O=G(y, y)=F(y, SX y)=aF(y, y)+F(y, x)=F(x, y). 

Also, if ZEV, b=l=a and (SX -bt z=O, we have 

O=F((SX -bt z, x)=F(x, (SX -bt x)=(a-b)" F(z, x), 

whence F(z,x)=O. Similarly F(z,y)=O. 
But it now follows from what we remarked before about the charac

teristic polynomial of SX, that we have F(x, z)=O for all ZE V. This 
contradicts the nondegeneracy of F. Hence SX is semisimple. 
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r 

It follows that there is a splitting V = EEl 11; into a sum of 2-dimensional 
i=1 

subspaces 11;, such that all 11; are stable for SX and that the restriction 
of SX to 11; is a scalar multiplication, say by ai • Define a linear transforma
tion Y of V by requiring that all 11; are stable for SY and that SY restricted 
to 11; is scalar multiplication by at. Then clearly (SY)2 = SX, hence 
X = YSY. Moreover YEA 2r . 

It follows that all elements of U are squares, which establishes the 
separability of A r • 

lP;.r and lP~.r· Let (V,j, e)= lP;.r (resp. lP~,,). From its definition (see 2.20) 
it follows that there exists a quadratic form Q on V, with associated 
symmetric bilinear form Q ( , ), such that the squaring map s is given by 

s x=Q(x, e)x-Q(x) e. 

It is now easy to check that every XE V such that Q(x, e)=t=O is the square 
of an element of the form x + a e (aE K). This proves separability. 
C3 • In this case the separability is a consequence of 5.7. This completes 
the proof of 7.9. 

We now turn to the connection between J-structures and quadratic 
Jordan algebras. 

7.10 Theorem. (i) Let 9' =(V,j, e) be a J-structure. Let P be the quadratic 
map of 9'. Then (V, P, e) is a quadratic Jordan algebra; 
(ii) Let.E? = (V, P, e) be a quadratic Jordan algebra. If char(K) = 2, assume .E? 
to be separable. Let i be the inversion of .E? Then (V, i, e) is a J-structure. 

Proof of (i). By 3.4, P is a quadratic map V ~ End (V). (QJ1) follows from 
1.16(iv) and §3, (10). (QJ2) is §3, (6). To prove (QJ3), replace x by jx 
in §3, (9) and apply P(x) to both sides. Using (QJ2) the formula of (QJ3) 
then follows (observe that no separability is needed for this proof). 
Proof of (ii). We have to check the axioms (J1), (J 2) and (J3) of 1.3. (J1) 
follows from 7.2. To prove (J 3) we observe that by (3) all P(x) with XE V 
invertible lie in the structure group of i. It then suffices to show that the 
squares x 2 = P(x) e of invertible elements of V form a dense subset of V. 

If char(K) = 2, this follows from separability. If char(K)=t= 2 we use 
that the differential of the squaring map s: x H x 2 at e is given by (ds)e(x) = 

P(x, e) e= P(e, e) x = 2x (by (QJ1»). Since (ds)e is surjective, s has a dense 
image by [1, 17.3, p. 75]. 

It remains to prove (J 2). Let X be an indeterminate over K. There 
exists a nonempty open subset U of V such that for XE U we have a 
formal power series 

00 

(8) i(eX -ix)= - L <Pm(x)xm, 
m=O 
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where cPm is a rational map V---+ V. We shall prove presently that cPm(x)= 
xm+l. Assuming this, it follows from (4) and (8) that 

which implies (J 2). 
i(e - xX) + i(e - i(x X)) = e, 

To prove cPm(x)=xm+1, we use 7.2 (i) to obtain 

P(eX -ix)i(eX -ix)=eX -ix, 

which by inserting (8) gives 

P(i x) cPo (x)= ix, 
P(i x) cPl (x)- P(i x, e) cPo (x) = - e, 
P(i x) cPm(x) - P(i x, e) cPm-l (x) + cPm-2 (x) = 0 (m;:::; 2). 

Using 7.2 and 7.3 we obtain from the first relation that cPo(x)=x. 
The second relation then gives 

P(X)-l cPl (x) = P(i x, e) x - e. 

By (QJ1) and (2), the right-hand side equals e. Hence cPl (x)=x 2. 
From the third relation one obtains, using (1), that 

cPm(x) = P(x) P(i x, e) cPm-l (x) - P(x) cPm-2 (x). 

Assume m;:::; 2, cPm-l (x)=xm, cPm-2 (x)=xm- 1• It then follows from 
(QJ2), (5) and (6) that cPm(x)=xm+1 , which establishes our claim, by 
induction on m. This finishes the proof of 7.10. 

7.11 Corollary. Let char(K)::f=2. 
(i) Let A be a finite dimensional Jordan algebra with identity element e. 
Put P(x) y= 2x(xy) _x2 Y (x, YEA). Then (A, P, e) is a quadratic Jordan 
algebra; 
(ii) Let (V, P, e) be a quadratic Jordan algebra. Define a product on V 
by x y = t P(x, y) e. Then V, equipped with this product, is a Jordan algebra 
with identity element e. 

(i) follows from 6.5 (i) and 7.1O(i), taking into account 6.6. 
(ii) follows from 7.10(ii) and 6.5(ii), using §6, (11). 

7.12 Remark. It is not known to the author whether the separability 
of fL, assumed in 7.10(ii) in the characteristic 2 case, is really necessary 
for the proof that (V, i, e) is a J -structure. 

We terminate this section with some special results. Let 9"=(V,j,e) 
be a J-structure. We denote by G the structure group of 9'; by gM g' 
its standard automorphism and by P its quadratic map. Let H be the 
automorphism group of S. 

7.13 Lemma. If char(K)=2, assume 9" to be separable. Then there 
exists Xo in the orbit G e such that: 
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(i) there are only finitely many x E V with x 2 = x~, 
(ii) there are only finitely many XEV with P(x)=P(xo). 

Under the assumption of the lemma, the squaring map s: XHX2 in V 
has a dense image (see the proof of part (ii) of 7.10). Standard results 
from algebraic geometry (see [1, p.38-39]) now show that there is a 
nonempty open subset U of V such that for all XEU the fiber S-l(SX) 

is finite. Because G e is open in V by (J 3), G en U is nonempty, whence (i). 
Since P(x)=P(xo) implies X2=X~, (ii) follows immediately from (i). 

Let Hl be the subgroup of G consisting of the gEG with g = g'. Since 
g H g' is an automorphism of the algebraic group G it follows that Hl is a 
closed subgroup of G. Clearly He Hl . 

7.14 Proposition. If char(K)=2 let !/ be separable. Then H is of finite 
index in H1 • 

Put f(g)=g(g')-l. f is a morphism G~G. The fibres of f are the cosets 
of H1 , hence their dimension equals dim H1 • On the other hand we have 
by 1.16(i) that f(g) = P(g e). 

It then follows from 4.6 and 7.13 that there exists goEG such that the 
fiber f-l(fgO) consists of finitely many co sets of go modulo H, so that 
the dimension of this fiber equals dim H. It follows that dim H = dim H1 , 

which proves 7.14. 

7.15 A restricted Lie algebra in characteristic 2. Let char(K) = 2. Let 
2l=(v, P, e) be a quadratic Jordan algebra. We use the notions of 7.1. Put 

[x,y] =P(x, y) e. 

X2 being as in 7.4, it then follows from (QJ 3) that we have 

[X2, y] = [x [x y]], 

from which one infers Jacobi's identity 

[x[y z]] + [y[z x]] + [z[x y]] =0. 

This means that V, equipped with this product, becomes a restricted 
Lie algebra, (see [26, p. 7]). We shall make use of this Lie algebra in the 
proof of 10.20(i). 

Notes 

Quadratic Jordan algebras were introduced by K. McCrimmon [21]. For a thorough 
discussion see [15]. The notion of separability in characteristic 2, introduced in 7.7, seems 
to be needed for our treatment of the connection between J-structures and quadratic 
Jordan algebras. 7.11 is due to McCrimmon [21, p. 1073]. 
In 10.34 we shall prove, as a complement to 7.13(ii), that in a separable simple J-structure 
P(x)=id implies that x= ±e. 
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8.1. Let 9'=(v,j, e) be a J-structure with norm N. Fix an element ad": 
Since the polynomial function tHN(te-a) (tEK) is nonzero, there 
exists a rational map ja: K --+ V such that 

(1) ja(t)=j(te-a), 

for t in a suitable open subset of K. 
We denote by na and Na a numerator and a denominator of ja (see 

0.5), normalized such that Na has leading coefficient 1. Let f be the degree 
of Na and write I 

Na(t)= L ai tl - i, 
i=O 

with ao = 1. We call Na the minimum polynomial of a. 

8.2 Lemma. (i) We have na(t) = ~t: (~o ai am-i) tl - m- 1 ; 

m 

(ii) Ifm is an integer ~fthen Laiam-i=O; 
i=O 

(iii) f is the smallest integer n such that there exist elements b1 , ••• , b. in K 
• 

with am+ L bi am-i=O for all m~n. 
i=1 

Let h be the degree of na' Replacing in (1) t by t- 1 we obtain from the 
homogeneity of j that the rational map 

tHtl - h - 1 (tl N;.(t-l))-I. (th na(t- 1 )) 

of K into V is regular for t = 0, with value e. This implies that h = f -1. 
It then follows that 

is a polynomial map of degree f -1. 
Let X be an indeterminate over K. Using the formal power series 

of § 3, (17) for j (e - a X) we find that the power series 

(1+ itl aiXi) i~od Xi 
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is a polynomial of degree f -1, namely Xf- l na(X- l ). (i) and (ii) now 
readily follow. 

Let nand bl , •.• ,bn be as in (iii). Then 

(l+itbiXi) i~/ Xi 
is a polynomial function, from which it follows that 

tH (tn+ itl bi an-i) ja(t) 

is a polynomial map. This implies n~f Since n~f is trivially true, the 
assertion of (iii) follows. 

8.3 Proposition. There exists a nonempty open subset U of V such that for 
aE U the minimum polynomial Na of a is given by 

Na(t)=N(te-a). 

This is a consequence of 0.8. 

8.4 Example. Let A be a finite dimensional associative algebra with 
identity e. Let f(A) be the J-structure defined by A (see 2.1). Let aEA. 
From 6.2 we know that the usual powers of a are the same as the powers 
of a in the sense of J-structures. Let ma be the minimum polynomial of a 
in the sense of associative algebras, i.e. the polynomial ma of minimal 
degree in one indeterminate with leading coefficient 1, such that ma(a) =0. 
It then follows from 8.2 (iii) that ma is also the minimum polynomial of a 
in the J-structure f(A). 

In this example it is obviously true that a relation 
n 

2: bi d =O 
i~O 

n 

" b. am + l =0 ~, , 
i~O 

for all m ~ O. In the general case we have the following result. We use the 
previous notations. 

8.5 Lemma. Let bo, ... , bn be elements of K such that 
n 

(2) I bi ai=O. 
i~O 

Assume that one of the following conditions is verified: 
(a) char(K)=I= 2, 
(b) a is a square in g: 
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Then 

(3) 

for all m~O. 

n 

Ibiam+i=O 
i~O 

81 

In case (b) write a = b2 • By § 3, (18) and (19) it follows (using induction on i) 
that ai = b2i. In case (a), (3) follows from (2) by applying (t P(a, e))m to 
both sides of (2), using § 3, (20). In case (b) apply P (b t to both sides of (2). 

8.6. Let X be an indeterminate over K. We also write Na for the poly
f 

nomial I ai Xf- i in K [X]. Put 
i~O 

B=K[XJ/Na K[XJ, 

let b be the canonical image of X in B, then B = K [b]. It follows from 
8.2(ii) that there is a linear map cjJ: B-+ V such that cjJ(bi)=d (i~O). 
Let ~ = cjJ (B) be the subspace of V spanned by the powers of a. 

8.7 Proposition. Assume that one of the conditions (a), (b) of8.5 is verified. 
Then cjJ is injective. If CEB is invertible, then cjJ(c) is invertible and j(cjJ(c)) 
=cjJ (c- I ). 

The injectivity of cjJ follows from 8.5 and 8.2 (iii). By 8.2 (i),ja is completely 
determined by the minimum polynomial Na . Applying this fact in !/ 
and f (B), using that a and b have the same minimum polynomial, we 
find that 

(4) j(te-a)=cjJ((t ·1-b)-I), 

for t in a nonempty open subset of K. 
If char(K)= 2, the assumption is that a is a square in!/. Using §3, (18) 

and § 3, (20), we see that then any element of ~ is a square in !/. Let CE B. 
Applying (4) with -cjJ(c) instead of a, we get 

j(te+cjJ(c))=cjJ((t· 1 +C)-I), 

which implies the last assertion. 

8.8. In the situation of 8.7, j induces a birational map of Va' denoted 
by jl ~ and it follows that !/(a)=(Va,jl~, e) is a l-structure, isomorphic 
to f(B), with B = K[XJjNa K[X]. We call !/(a) the substructure generated 
by a. It is defined only if char(K) =1= 2 or if a is a square. 

We say that aE V is semisimple if (i) a is a square in Yo (ii) !/(a) is iso
morphic to a direct sum of copies of the I-dimensional l-structure f(K). 
The second requirement is equivalent to semisimplicity ofthe commutative 
associative algebra B. 



82 §8. The Minimum Polynomial of an Element 

The following result now gives a " Jordan decomposition" of elements 
of a J-structure. 

8.9 Proposition. Let a E V. There exist unique elements as' an E v,. such that 
a = as + an' that as is semisimple, an is nilpotent and such that as and an are 
linear combinations of the powers ai with i> o. If char (K) = p > 0 then as 
and an are also linear combinations of the powers aP; with i ~ O. 

First assume that char(K) =1= 2 or that a is a square. Then g'(a) is defined. 
Let B, f/J and b be as in 8.6. In the associative algebra B one has a de
composition b = bs + bn with similar properties. This follows, for example, 
by applying [1, Prop. 4.2, p.143] to the linear transformation XHbx 
of B. Putting as=f/J(bs)' an = f/J(b n) all our requirements are verified. 

Next let char(K) = 2 and suppose a is not a square. We apply what 
we have already proved to x=a2 , to get a decomposition x=xs+xn. 
Xs being semisimple, there exists as in the space spanned by the powers of 
Xs such that a; = Xs' moreover as is unique (since char(K)= 2). Because 
XsE v,. we have that asE v,.. 

It then follows from § 3, (20), that (a - as)2 = a2 - a; = x n . Since xn is 
nilpotent, we also have that an=a-as is nilpotent. This proves the exist
ence of the decomposition. The uniqueness follows from the uniqueness 
of as' mentioned before. 

To establish the penultimate assertion it suffices to show that we can 
take as to be a linear combination of the x~ with i>O, which is easily 
done. The proof of the last point is also left to the reader. 

8.10 Corollary. Let char (K) = 2. Assume that g' is separable. Then the set 
of semisimple elements of V contains a nonempty open subset. 

Let x=xs+xn be the Jordan decomposition of XE V. It is easily seen that 
there exists a 2-power a such that xa=x~, for all XE V. 8.10 then follows 
from the observation that if g' is separable, the morphism x H xa is 
dominant. 

Notes 

8.3 gives the connection of the norm with" generic minimum polynomials n. For a discus
sion of these in Jordan algebras in characteristic not 2 see [14, Chapter VI]. A discussion 
of the situation of8.6 and 8.7, from the point of view of quadratic Jordan algebras, is given in 
[15, p. 1.61-1.62]. 8.9 is an extension to J-structures of a familiar result in the theory of 
associative algebras. 
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Let 9'=(v,j,e) be a J-structure. We denote by U the set of invertible 
elements of V. 

9.1. Recall that a subspace I of V is said to be an ideal of 9' if for all i El 
the rational map 

XH j(x+i)-j x 

is a rational map of V in I, see 1.3. 
Let GO be the identity component of the structure group G of 9'. The 

ideal I is called a characteristic ideal if it is a GO-stable subspace of V. 
If 9' is defined over the subfield k of K then the ideal I is said to be 

defined over k if it is a k-subspace of V. 

9.2. Let I =1= V be an ideal of 9'. Put V' = VII, let 4>: V-V' be the canonical 
linear map. Put e' = 4> e. 
From the definition of the notion of ideal it follows that if x E U we have 

4> (j(y)) = 4> (j(x)) , 

for all YE(x+I)n U. It follows that 

(1) f (4) (x)) = 4> (j(x)) (XE U) 

defines a rational map f: V'- V'. From axiom (J 1) of § 1 it follows that 
f ° f = id, so that f is in fact birational. It is trivial to check that f is homo
geneous of degree -1 and that 9" = (V',f, e') satisfies axiom (J2) of 1.3. 

It then follows that e' =1=0. For if we had e' =0, the formula of (J2) 
would imply f + f ° f = 0, which contradicts the homogeneity of j'. 
We then see that 9" satisfies axioms (J 1) and (12) of 1.3. 

Let XE U, put x' =4>(x). Thenf is regular in x'. It follows from (1) that 

(2) 

Define a linear transformation P' (x') (x' E 4> (U)) of V' by 

P'(X')-l= _(dj');.l. 
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From § 1, (16) and (2) it follows that we have, P denoting the quadratic 
map of [I', 

(3) P' (x') ° </> = </> ° P(x). 

3.4 then shows that P' extends to a quadratic map P' of V into its space 
of endomorphisms End(V'). 

9.3 Proposition..El' = (V', P', e') is a quadratic Jordan algebra. 

(V, P, e) is quadratic Jordan algebra by 7.1O(i). We have remarked in 9.2 
that e' 4= O. It then follows from (3) that the axioms of 7.1 for a quadratic 
Jordan algebra hold in .El'. 

9.4 Proposition . .'1" = (V',j', e') is a J -structure if one of the following 
conditions is satisfied: 
(a) char(K)+2; 
(b) char(K)=2 and .'I' is separable (7.7); 
(c) I is a characteristic ideal. 

We have seen in 9.2 that e'4=O and that (11) and (J2) hold in .'1': So it 
remains to prove axiom (J3) of 1.3. 

Let G' be the structure group of .'1". By 1.16(v) we know that P(x) 
(XE U) is the structure group G of Y. It then follows from (1) and (3) that 
P' (x') (x' E</> (U)) lies in G'. 

Now if (a) or (b) holds, it follows as in the proof of 7. 10 (ii) that the set 
of squares of elements of U contains an open subset of V. It then follows 
that the set of elements P' (x') e' (x' E</> (U)) contains an open subset of V', 
showing that G"e' contains an open subset of V'. This proves (J3) in 
cases (a) and (b). 

Now assume that (c) holds. Let gEGo. The assumption (c) implies 
that g induces a linear transformation g' of V'. From (1) and the definition 
of structure groups (see 1.2) it follows that g' E G'. Moreover we have 
</> (g e) = g' . e'. Since .'I' is a J -structure, G e is open in V. By 1.13 it then 
follows that GO. e is open in V, hence </>(Go. e) is open in V'. But </>(Go. e) 
is contained in G' . e', hence G' . e' is open in V. This concludes the proof 
of 9.4. 

Remark. It is not known to the author whether .'1" is always a J-structure. 

9.5. With the previous notations we say that the quotient ofg by the ideal 
I exists if .'1" is a J-structure. In that case we also write .'1"=.'1'/1. Notice 
that the quotient always exist if char (K) 4= 2. 

We next give a characterization of ideals, using the quadratic map P. 

9.6 Proposition. Let I be a proper subspace of V. 
(i) I is an ideal of .'I' if and only if 
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(a) P(V) I e I, and 
(b) P(I) Vel; 
(ii) (b) is a consequence of (a) if char(K)=!= 2. 
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Let X be an indeterminate over K. If X is in the set U of invertible 
elements we have a formal power series 

00 

j(x+yX)= Lan(x,y)Xn (yeV), 
n=O 

where an is a rational map V x V --+ V which is polynomial in its second 
variable (see 0.9). Using 1.16(iii) and §3, (8) we find 

1 
ao(x,y)=jx, 

(4) al(x,y)= _P(X)-l y, 

P(x) an(x, y)= - P(x, y) an_lex, y)- P(y) an- 2 (x, y) (n~ 2), 

ifxeU,yev. 
We claim that I is an ideal if and only if we have an (x, y)el for n~ 1, 

xe U, ye/. For let (eJl~i~a be a basis for V such that (eJl~i~b is one of I. 
a 

Put an(x, y)= L ani(x, y) ei· From the definition of an ideal one concludes 
i=O 

that I is an ideal if and only if an;(x, y)=O for n~ 1, b+ 1 ~ i~ a, xe U, ye/, 
which establishes our claim. 

Now suppose that (a) and (b) hold. It then follows from (a) and the 
second formula (4) that alex, y)e/(xe U, ye/). From (a) and (b) one then 
obtains, using the last formula (4), that a2 (x, y)el (xe U, ye/). It then 
follows by induction that an(x, y)el for n~ 1, xe U, ye/. Hence I is an 
ideal. 

Conversely, suppose that I is an ideal. Then al (x, y)e I for x e U, y e I. 
By the second formula (4) this gives P(U)-llc I. Sincej(U) is dense in V, 
this implies (a). (b) is proved similarly, using the last formula (4) with 
n = 2. This proves (i). 

Next let char(K) =1= 2. By § 3, (6) and § 3, (10) we have 

P(y) x2 =P(X)-l P(P(x) y) e =t P(X)-l P(P(x) y, e) P(x) y, 

ifxe U. Takingyel in this formula, one sees that(a) implies that P(y)x2el 
for all x e U and y e 1. Since the set of squares of elements of U is dense 
in V (see the proof of 7.10 (ii)), it follows that P(I) Vel. This proves (ii). 

9.7 Corollary. Let I be a proper subspace of V. 
(i) I is a characteristic ideal of!/' if and only if 
(a) I is a GO-stable subspace of V and 
(b) 12 e/; 
(ii) (b) is a consequence of (a) if char (K) =1= 2. 
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If I is a characteristic idea~ then (a) is true by definition and (b) follows 
from 9.6 (i)(b). Next assume that (a) and (b) hold. Since P(X)EGo for 
XE U (by 1.16(v)), it follows that (a) implies 9.6(i)(a). By 1.16(i) we have 

if gE GO, x E I P(x) (g e) = (g')-l(g' X)2, 
where g'EGo. 

From (a) and (b) it follows that the right-hand side lies in I. Hence 
P(/)(Go . e)E/. From 1.13 we then conclude that P(I) VEl. Hence 9.6 (i)(b) 
also holds, so that I is an ideal by 9.6 (i). It is then of course a characteristic 
ideal. (ii) is a consequence of 9.6(ii). 

9.8. If char (K) =to 2 one can introduce in V a Jordan algebra structure 
with the properties of 6.5 (ii). Using what was established in §6, it easily 
follows from 9.6 that I is an ideal of!/ if and only if it is an ideal for the 
Jordan algebra structure. 

As in the theory of quadratic Jordan algebras we say that a proper 
subspace I of V is an inner ideal of !/ if P (I) V c V and an outer ideal of 
!/ if P(V)/cl (see [15,1.29]). The outer ideals of!/ are the proper 
subspaces of V which are stable for the inner structure group G1 (defined 
in 1.19). 

An ideal is then by 9.6(i) a proper subspace of V which is both an 
inner and an outer ideal. By 9.6(ii) the notions of ideal and outer ideal 
coincide if char(K)=F 2. This is not the case in characteristic 2, as the 
following example shows. 

9.9 Example. Let char(K)=2. Let g;. be the J-structure of (2.10) with 
r> 1. Its underlying vector space is the space ~, of symmetric r x r 
matrices. From the definition of g;. it follows, using what was said in 2.2 
that the quadratic map of g;. is given by 

P(X) Y=XYX (X, YE~,), 
where the product is the usual matrix product. Now since char (K) = 2, 
the space A, of alternating r x r matrices is a subspace of ~, and it is 
trivial to verify that P(~,)A,cA,. Hence A, is an outer ideal in g;.. 
But is not an inner ideal: there exist alternating matrices whose square 
is not alternating. 

9.10 Radical elements, the radical. rE V is called a radical element of !/ 
iffor all g in the structure group G we have that gr is nilpotent. The set 
of all radical elements is called the radical of Y. !/ is called a semisimple 
J -structure if 0 is the only radical element of Y. The next result shows that 
semisimplicity is equivalent to nondegeneracy of the norm N of !/ 
(see 0.15). 

9.11 Lemma. rE V is a radical element if and only if 
(5) N(x+r)=N(x) (XEV). 
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Let gEG. By 1.5 there exists cEK* such that 

N(gx)=cN(x) (XEV). 

Putting x=e it follows that c=N(ge). Hence 

(6) N(ge+r)=N(ge)N(e+g- 1 • r). 

If r is a radical elements then g -1 . r is nilpotent for all g E G. It follows 
from 3.15 (iii) that N(e+ g-l . r)= 1, hence (5) holds for all xEGe. Since 
Ge is open in V, (5) follows. 

Conversely, if (5) holds it follows from (6) that N (e + g r) = 1 for all 
gEG. Since all nonzero scalar multiplications are in G, we also have that 
N (e+ t g r)= 1 (tEK*, gEG). By 3.15 (iii) we conclude that g r is nilpotent 
for all gEG. 

The next result gives the main properties of the radical. We say that 
an ideal I of!/' is a nil ideal if all its elements are nilpotent. 

9.12 Theorem. Let R be the radical of !/'. 
(i) R is a characteristic ideal of !/'; 

(ii) R is the maximal nil ideal of !/'. 

It follows from 9.11 that the sum of two radical elements of!/' is again a 
radical element. This implies that R is a subspace of V. It is a proper 
subspace (for e¢R). R is G-stable by the definition of radical elements. 
To prove that R is a characteristic ideal it suffices, by 9.7 (i), to prove that 
R2 cR. By 9.7(ii) this is so if char(K)=F2. 

So assume now char(K) = 2, let rE R. Assume that n ~ 2, r2n E R. Since 
r is nilpotent, this is certainly true for large enough n. We shall prove that 
r2n - 1 E R. It then follows that r2 E R, which will finish the proof of (i). 

By §3, (14)(with y=e) we have N(X2)=N(x)2 (XEV). Hence 

N (x + r2n - 1)2 = N((x + r2n - 1)2) =N(x2 +r2n + P(x, r2n - 1 ) e), 

(using §3, (19)). Since r 2n ER it follows from 9.11 and §3, (10) that 

(7) 

From §3, (22) we obtain 

P(x, e) r2n - 1 = P(x, r) r2n - '-1 =P(X, r) P(r)2n->-1 r 

(using § 3, (19)). Since R is G-stable it is an outer ideal of !/'. But then the 
last formula shows that P(x, e) r2n - 1 ER. (7) now shows that 

N(x + r2n - 1? =N(x2)= N(X)2, 

which implies that r 2n - 1 ER (via 9.11), as we claimed. This proves (i). 
We come now to the proof of (ii). It follows from (i) that R is a nil 

ideal. Hence to prove (ii) it suffices to show that any nil ideal I is a sub-
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space of R. Let rEI. We then have 

N(x+r)2 =N(x2 +r2 +P(x, r) e)=N(x2 +r2 +P(x, e) r) (XE V) 

(by § 3, (10)). 
Suppose that x is invertible. Using §3, (14) we then can conclude that 

N(x+r)2 =N(x2) N(e+P(x)-l . r2 +P(X)-l P(x, e) r). 

Since I is an ideal, we have by 9.6(i) that 

P(X)-l r2+P(x)-1 P(x,e)rEI. 

Since I is a nil ideal it follows from 3.15 (iii) that 

N(x+r)2 =N(x2)=N(x)2 (XE U). 

But then we have N(x+r)=eN(x)(XE V), where e= ± 1. Taking x=e it 
follows by 3.15(iii) that e=l. 9.11 now shows that rER. Hence IeR, 
which proves (ii). 

9.13 Corollary. (i) The quotient of [I' by its radical R exists; 
(ii) [I'/R is semisimple. 

By 9.12 (i) we know that R is a characteristic ideal. (i) is then a consequence 
of9.4(c). 

Put [I' /R = [1" = (V',j', e'). Let ¢ be the canonical homomorphism 
V-4 V'=V/R. We havej'o¢=¢oj'. The definition of powers (see 3.10) 
then shows that ¢(xn)=¢(xt (XEV). It follows that if ¢(x) is nilpotent 
some power of x lies in R. Since R is a nil ideal by 9.12 (ii), it follows that 
x is nilpotent. 

Let gEG (the structure group of [1'). Then g induces a linear trans
formation g' of V', which lies in the structure group of [1". Suppose now 
that ¢ (x) is a radical element of S'. Then ¢ (g x) is nilpotent for all gEG. 
By what we said before, this implies that g x is nilpotent (gEG), so that 
x is a radical element. Hence ¢(x)=O. This proves (ii). 

We terminate this section with some results on ideals which will be 
needed later. 

9.14 Proposition. Let I be an ideal in !I'. Let xEI, suppose that x=xs+xn 
is the Jordan decomposition of x (see 8.9). Then Xs' XnE I. Moreover Xs is 
a linear combination of idempotent elements which are contained in I. 

It follows from 9.6(i) and §3, (18) that all powers Xi (i~ 1) are in I. The 
first assertion now follows from 8.9. We also see that the substructure 
[I'(xs) generated by Xs (see 8.8) is contained in I. The last point follows 
from the fact that [I' (xs) is isomorphic to a direct sum of copies of the 
1-dimensional l-structure f (K). 
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9.15 Corollary. If I is not a nil ideal then I contains an idempotent element 
=1= o. 
9.16 Proposition. Suppose that e is the only nonzero idempotent element 
in V. Then the radical R of fJ' is a hyperplane in V. 

Let x E V, let x = x. + xn be its Jordan decomposition. The hypothesis 
implies that fJ' (x.) = K e. It then follows from 3.15 (iii) that the polynomial 
function t H N (t e - x) (t E K) is a power of a linear polynomial function, 
for all XE V. From 0.13, using axiom (13) and 1.5 we see that this implies 
that N is a power of a linear polynomial. The assertion now follows from 
9.11. 

9.17 Corollary. Let fJ' be a semisimple J -structure such that e is the only 
nonzero idempotent in V. Then fJ' is isomorphic to the 1-dimensional 
J-structure fJ' (K). 

Notes 

In the situation of 9.6, let fl be the quadratic Jordan algebra defined by .'/ according to 
7.10(i). 9.6 then shows that I is an ideal in .'/ if and only if it is an ideal in fl, in the sense of 
[15, 1.29]. 
OUf method of introducing the radical of a J-structure is not a direct transcription of one 
of the current methods for the radical of a Jordan algebra or a quadratic Jordan algebra, 
given for example in [8, I, § 7], [14, Chapter V], [15, p.3.5]. However if char(KH2 our 
radical coincides with the radical of the Jordan algebra defined by .'/ according to 6.5. 
This follows from 9.12(ii), using the results of [14, Ch. V]. By the remarks made in [14, 
p.434] it then also follows that our radical coincides with that of [8]. It is likely that if 
char(K)=2 the radical introduced here coincides with the radical of the quadratic Jordan 
algebra fl (introduced in [22], see also [15, p. 3.5]). 
9.16 is an analogue of a well-known result for Jordan algebras, see [14, Theorem 5, p. 198]. 



§ 10. Peirce Decomposition Defined 
by an Idempotent Element 

In this section some properties of algebraic tori will be used, which can 
be found in [1]. 

10.1. Y' = (V, j, e) denotes a J -structure. a is a fixed idempotent element 
in V (i.e. a2 = a). P is the quadratic map of Y, G and GI denote the structure 
group and inner structure group of Y, respectively (see § 1). Sometimes 
we shall assume that Y' is defined over a subfield k of K. In that case we 
denote by k an algebraic closure of k, contained in K and by ks the se
parable closure of kin k. We then denote (in conformity with the notation 
of [1, p. 48]) by V(k) the set of k-rational points of V. 

By 3.14 we know that for all t,uEK* the elements ta+u(e-a) of V 
are invertible. P denoting the quadratic map of Y, it follows that 

<Pa(t, u)=P(ta+u(e-a») 

defines a morphism (of algebraic varieties) of the 2-dimensional torus 
(<GILI)2 into GI. 

10.2 Lemma. (i) <Pa is a homomorphism of algebraic groups. If a =1= 0, e 
the image of <Pa is a 2-dimensional sub torus Sa of GI , hence also of G; 
(ii) If S is defined over k and if aE V(k), then <Pa and Sa are defined over k 
and Sa is a k-split sub torus ofGI. 

According to 3.14 we have 

j(ta+u(e-a»)=t- I a+u-I(e-a) (t, uEK*), 

whence by differentiation 

(dj)ta+u(e-a)(ti a+uI(e-a»)= _t- 2 tl a-u- 2 uI(e-a). 

By § 1, (16) it follows that 

(1) p(t a+u(e- a»)(ti a+uI(e- a») = t2 tl a+ u2 uI(e- a). 

By continuity this holds for all t, u, t I , ul E K. From § 3, (13) we see that 
all <Pa(t, u) (t, UE K*) commute. 
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We then have by §3, (6) and (1) 

<Pa(t2 tl , u2 uJ = <Pa(t, u) <Pa(tl, U l ) <Pa(t, u) = <PAt, uf <Pa(tl, ul )· 

Taking tl =U l =1 it follows that <Pa(t2, u2)=<Pa(t, U)2. Hence 

<Pa(t2 ttl u2 ul )=<Pa(t2, u2) <Pa(tl, ul ), 

which implies that <Pa is a homomorphism. 
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Next let a =1=0, e. Clearly dim <Pa((<GIL1)2);:;:; 2. Since <Pa(t, t) is scalar 
multiplication by t 2 , it follows that dimSa~l. To prove dimSa=2, it 
therefore suffices to show that Sa does not consist of scalar multiplications 
only. Suppose the contrary. Since p(t a+u(e-a») is a scalar multiplica
tion for all t, uEK*, it must also be so for t=l, u=o. Hence P(a) is a 
scalar multiplication. But by §3, (19) we know that P(a) is idempotent, 
hence P(a)=id or P(a)=O. Since P(a)=a, this violates the assumption 
that a =1= 0, e. This proves (i). 

If :7 is defined over k c K, then P is defined over k, from which the 
assertions of (ii) immediately follow (for the notion of k-split torus see 
[1, p. 200 and p. 205]). 

Define subspaces Ya and Ya' of V by 

Ya = {XE VI <Pa(t, u) x = t2 x}, 

Ya' = {XE VI <Pa(t, u) x=t u x}. 

Since e-a is also idempotent (by 3.14, for example) the space v,,-a 
is defined and 

We have v,,'-a= Ya'. 

10.3 Proposition. (i) V is the direct sum of the subspaces Ya, Ya', v,,-a; 
(ii) Ya=P(a) V, (P(a, e)-2) Ya=(P(a, e)-I) Ya'=P(a, e) v,,_a=(P(a)-l) Ya 
=0; 
(iii) P(v")V;=P(v,,)~-a=P(v,,, V;)~_a=O and P(v", ~-a)v"cv.,-a, 
P(v", V;) v" c V;, P(v", V;) v" c V;, P(v,,) v" c v", P(V;) v"c ~-a; 
(iv) If :7 is defined over k and aE V(k), then the subspaces Ya, Ya', v,,-a are 
defined over k. 

<Pa defines a rational representation of (<GIL1)2 in V. Let c be a character of 
(<GIL1)2 (in the sense of [1, p.l64]). The weight space corresponding to c 
of [loco cit., p.166] is then the space of all XE V such that 

t2 P(a) X+ t u P(a, e- a) X+ u2 P(e- a) x=c(t, u) x. 

The linear independence of characters (see [1,8.1, p.199]) implies that 
we must have c(t, u) = t2, t U or u2• (i) then follows from the complete 



92 § 10. Peirce Decomposition Defined by an Idempotent Element 

reducibility theorem for rational representations of an algebraic torus 
(see [loco cit., p.204]). 

It also follows that if XE v,; we have 

P(a) x=a, P(a, e-a) x=P(e-a) x=O, 

and that if XE v,;' we have 

P(a, e-a) X=X, P(a) x=P(e-a) x=O. 

Hence P(a) V=P(a)(v,;+ v,;' + ~_a)=P(a) v,; = v,;. Also, (P(a, e)-2) v,; = 

P(a, e - a) v,; = 0. From the second set of formulas it follows that 
(P(a, e)-I) v,;' =0. Also P(a, e) ~-a= (P(e- a, e)- 2) ~-a=O. This estab
lishes (ii). 

By §3, (6) we have 

<Pa(t, u) P(x) y=p(<Pa(t, u) x) <Pa(t, U)-l y. 

If x, yE v,; , this implies that 

<Pa(t,u)P(X)y=t2 P(x)y, 

hence P(v,;) v,; c v,;. The other statements of (iii) are established in a 
similar manner. Finally, (iv) follows from lO.2(ii) and [1, p. 200]. 

The decomposition V = v,; + v,;' + ~-a is called the Peirce decom
position of V defined by the idempotent a. 

10.4 Examples. (1) Let A be a finite dimensional associative algebra with 
identity e, let ,I (A) be the corresponding J-structure (see 2.1). Let a =!= 0, e 
be an idempotent element of A. It is also an idempotent in ,I (A). 
Since we now have P(x)y=xyx (see 2.2), it follows that Aa=aAa. It is 
easily seen that A~=aA(e-a)+(e-a)Aa. 
(2) Let V be a finite dimensional vector space, let Q be a quadratic form 
on V and let eE Vbe such that Q(e)= 1. With the notation of2.17, suppose 
that Qe =!= 0. Let!/ be the J-structure of2.17. Let a=!=O, e be an idempotent. 
It follows from §2, (13) that we have Q(a)=O, Q(a, e)=1. Moreover, 
P( a) x = Q (a, x) a. A simple computation shows that 

v,;=Ka, ~_a=K(e-a), v,;'={xEVIQ(e,x)=Q(a,x)=O}. 

10.5 Proposition. Let a=!=O, e be an idempotent. There exists a unique 
birational transformation ja of v,; with the following properties. 
(i) If XE Y", YE ~-a are such that x + y is invertible, then ja is regular in x 
and 

(2) ja(x)=P(a)j(x+ y), 
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We then have 

(3) j(x+ y)= ja(x) + je-a(y); 

(ii) 9';;=Cv.;,ja, a) satisfies the axioms (J1), (J2) of 1.3; 
(iii) If ff is defined over kcK and aEV(k), thenja is defined over k. 

Let N be the norm of ff. The set U of the XE ~ such that there exists 
yE v,,-a with x + y invertible is the complement of the closed set con
sisting of the XE~ with N(x+y)=O for all YEv,,-a' Hence U is open. 
U is nonempty because aE U. The uniqueness of ja satisfying (2) is then 
clear. 

Let x and y be as in (i) and put 

j(x+y)=v+v'+W (VE~, v'd~', WEv,,_a)' 

From the definition of ~ and ~ it follows, using 1.16(v) and 10.3 that 

(4) j(t- 2 x+u- Zy)=t2 v+tuV'+u2 w (t,uEK*). 

(t, U)Hj(t-Z x+u- 2 y) defines a rational map K x K-4 V, whose denom
inator and numerator only involve powers t 2 i u2j• But it then follows 
that the right-hand side of (4) can only involve even powers of t and u, 
so that we must have v' = O. 

Define a rational map t/I of ~ x v,,-a into ~ by 

t/I(x, y)=P(a)j(x+ y), 

for x + y invertible. From (4) it then follows that 

t/I(x, y)= t/I(x, t y) (tE K*). 

But this implies that t/I(x, y) is independent of y. This proves the existence 
of a rational map ja satisfying (2). 

Since 
j(x+y)=P(a)j(x+ y)+ P(e-a)j(x+ y), 

if x and yare as in (i), it also follows that (3) holds. The axioms (J1) and 
(J 2) for ff imply that 9';; satisfies these axioms, too. Hence (ii) holds. In 
particular, ja is birational. The proof of (i) is now also complete. The last 
point is clear from (2). 

10.6 Corollary. We hal1e P(~, v,,-a) ~=P(~, v,,-a) v,,-a=O. 

It follows from (3) by differentiation, using § 1, (16), that 

-P(x+ y)-l(v+w)=(dja)Av)+(dje_a)Y(w), 

if x and yare as in 10.5 (i) and if VE~, WE v,,-a' Using 10.3 (iii) this implies 
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that 

(5) 

Taking v=o in (5) we get 

P(x, y)(dje-aMw)=O, 

from which it follows that P(x,y)w=O for x and y in suitable nonempty 
opensubsetsofv" and ~-a, and for all WE ~-a. This implies P(v", ~-a) ~-a 
=0. Replacing a by e-a we obtain P(v", ~-a) v,,=0. 

10.7 Corollary. (i) There exists a quadratic map P,,: y"-+End(~) such 
that P,,(x) = - (dja);l if ja is regular in XE Y,.; 
(ii) We have P(x) y = P,.(x) y (x, yE Y,.); 

(iii) If ja is regular in XEv", we have P"(x)oja=ja0P"(x)-l, in particular it 
follows that then p" (x) lies in the structure group of ja; 
(iv) (v", P,., a) is a quadratic Jordan algebra; if char(K)=l=2 we have that 
9;;=(v",ja, a) is a J-structure. 

Putting P,.(x) y = P(x) Y (x, yE v,,), it follows from 10.3 (iii) that P,. is a 
quadratic map of v" into End(v,,). 

(5), with w=O, shows that P,. has the property asserted in (i). This 
establishes (i) and (ii). The property of (iii) now follows from the cor
responding one of P (see 1.16(v»). 

7.1O(i) implies that (v", P,., a) is a quadratic Jordan algebra, using (ii). 
The last assertion of (iv) is then a consequence of 7.10(ii), taking into 
account that ja is the inversion of the quadratic Jordan algebra (v", P,., a) 
(which follows from (ii»). 
We next discuss a particular case in which 9;; is always a J-structure. 

10.8 Proposition. Suppose a =t= 0, e is an idempotent such that v,,' =0. Then v" 
and ~-a are characteristic ideals of !/. 9;; and Y.,-a are J-structures and Sf> 
is the direct sum 9; EEl Y.,-a· 

From 9.6(i), 10.3 (i) and 10.6 it follows that v" is an ideal. To prove that 
it is a characteristic ideal we have to show that it is GO-stable (see 9.1). 
Let gEGo, let g' be the image of g under the standard automorphism 
of G. If XE v" , yE ~-a are such that x + y is invertible, we then have as a 
consequence of (2) 

(6) ja(P(a) g' . X + t Pea) g' . y) = P(a) (g (ja x) + c 1 g(je-aY»), 

for all tEK*. 
There is a nonempty open subset U of GO, containing the neutral 

element, such that x H P( a) g' x is a nonsingular linear transformation 
of v" if gE U. Then the left-hand side of (6), considered as a function of t, 
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is regular for t=O. This implies that we must have P(a)gUe-aY)=<O, 
which shows that g ~-a e ~-a for gE u. It follows that ~-a is GO-stable. 
The same is true for Va. 

It now follows from 1.13 that the orbit GO. a is open in Va. Since the 
restrictions to Va of the transformations of GO lie in the structure group 
ofja (as follows from (2)), we conclude that 9;; satisfies axiom (J3). 10.5(ii) 
now implies that 9;; is a l-structure. The same is true for Y,;-a. It follows 
from (3) that Y = 9;; EB Y,;-a (see 1.25). 

If a has the property Va' = 0 of 10.8 we say that a is a central idempotent. 
The following proposition gives a rationality result on central idem
potents. 

10.9 Proposition. Suppose that Y is defined over k. Let aE V(k:) be a central 
idempotent. Then aE V(ks). 

Let I and m be subfields of K with k e Ie m. Let D be an I-derivation of m. 
Since V(m) can be identified with m ®l V(l), the derivation D extends to 
an I-linear transformation of V(m), also denoted by D, which is such that 

D(t x)=(Dt) x+tDx (XE V(m), tEm). 

It is an easy matter to check (for example by expressing everything in 
terms of a basis of V(l)) that we have 

(7) D(P(x)y)=P(x, Dx)y+P(x)Dy (x,YEV(m)). 

We now establish the following lemma. 

10.10 Lemma. Let aE V(m) be a central idempotent. Then Da=O. 

Apply (7) with x=a, y=e. We obtain that Da=P(a, Da) e=P(a, e) Da. 
By to.3(ii) this shows that DaE Va' =0. 

We can now prove to.9. If aE V(k:) is a central idempotent, there is a 
finite extension mek: of k such that aEV(m). We may assume that 
char(K) = p > O. Let I be a subfield of m, containing k, such that mil is 
purely inseparable. 

We claim that aE V(l). It suffices to prove this in the case that m has 
degree p over 1. But in that case it is easily seen that there exists an I-deri
vation D with Ker D=l. Our claim then follows from 10.10. We conclude 
that aE V(m n ks), which establishes to.9. 

10.11. Let N be the norm of !I', let d be its degree. We define a polynomial 
function Na on Va by 

Na(x)=N(x+e-a) (XE Va). 

If Y is defined over kEK and aE V(k), then ~ is defined over k. We assume 
from now on that a=FO, e. 
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10.12 Lemma. (i) N" is a homogeneous polynomial function. We have 
Na(a)=l and 

(8) N(x + y) = N,,(x) Ne-a(y) (XE Va, yE v,,-a); 

(ii) Let r/Ji be as in 1.11. Then 
d 

(9) Na(x) Na(ja X+ y)= I r/J;(X, y), 
;=0 

if ia is regular in XE Va,for all yE Va. In particular we have Na(x) NaUa x)= 1; 
(iii) If v" + v,,-a contains an element whose minimum polynomial has the 
same degree as N, then Na is a denominator ofia. 

Let XE v" , yE v,,-a be such that X+ y is invertible. It follows from (3), 
using 1.8, that the polynomial function (x,y)HN(x+y) on v" x v,,-a 
divides a power of the product of the denominators of ia and ie-a' This 
implies that there exist homogeneous polynomial functions N~ and 
N: -a on v" and v,,-a, respectively, such that 

N(x+ y)=N~(x) N:_a(y). 

We may normalize such that N~(a)=N:_a(e-a)=1. Putting y=e-a it 
follows that Na = N~. This proves (i). 

Let x, yE Va, v, WE v,,-a and suppose that x + v is invertible. Put 

r/Ja(X, y)=Na(x) NaUa(x) + y), 

r/J e_a(v, w) = Ne_a(v) Ne-aUe_a(V) + w). 

From what was established in 1.11 we conclude, using (3) and (8), that 

d 

r/Ja(x, y) r/Je_a(v, w)= I r/Ji(X+V, y+w). 
i=O 

The right-hand side is a polynomial function in its variables x, y, v, w, 
which is nonzero for X= y=O, v=w=O (by 1.14). Hence r/Ja and r/Je- a 
must be polynomial functions, which are nonzero for x = y = 0, v = w = 0, 
respectively. Putting v=w=O we obtain (9) up to a nonzero constant. 
This constant is 1, as is seen by taking x = a, y = 0. The last statement 
of (ii) is (9) with y = 0. (iii) readily follows from (3) and (8), taking into 
account the definition of minimum polynomials (see § 8). 

10.13 Lemma. Let r/Ji be as in 1.11. If x, y EVa, x' EVa, Z E v" -a we have 

(10) r/J;(X+X' +Z, y)=r/J;(X, y). 

It follows from the results of 1.11 and 1.16(v) that, <Pa being as in 10.1, 
we have 
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for all v, WE V. This implies 

cPi(t 2 x + tux' +u2 z, y)= cPi(x + x' + z, t2 y) 

for t, UE K*. By continuity this holds for all t, U E K. Putting t = 1, U = 0 the 
assertion follows. 

10.14 Proposition. Let rEJ;; be such that Na(x+r)=Na(x) for all XEJ;;. 
Then r is in the radical of Y'. 

1O.12(ii) implies that cPi(x, r) =0 for 1 ~ i ~ d, XE J;;. It then follows from (10) 
that cPi(v,r)=O for l~i~d and all VEV. 

The definition of cPi (see 1.11) shows that 

N(v) NU v+r)=1 

for all invertible VE V. From 1.8 and 9.11 we then conclude that r is in the 
radical of Y'. 

10.15 Corollary. Assume that!/ is semisimple and that 9,;=(J;;,ja, a) is a 
l-structure. Then y" is semisimple. 

It follows from (3), using what was remarked at the beginning of the 
proof of 10.12, that the denominator ofja has the same irreducible factors 
as Na . The assertion then follows from 9.11. Notice that y" is certainly a 
l-structure if char(K)=!=2 (see 10.7 (iv)). 

We next discuss orthogonality of idempotents and the properties 
of primitive idempotents. 

10.16 Lemma. Let a and b be idempotent in V (not 0 or e). 
(i) If char(K)=!=2 then a+b is idempotent if and only if bE Y.-a; 

(ii) If bE v,,-a then aE v,,-b' In that case a+b is idempotent and we have 
J;; c J;;H' 

Since (a + b)2 = a + b + P( a, b) e, we see that a + b is idempotent if and 
only if P(a, b)e=P(a, e)b=O. Ifchar(K)=!=2 it follows from 1O.3(ii) that 
P(a, e)b=O if and only if bEv,,_a' This proves (i). 

If bE v,,-a then 10.6 implies that P(a, b) e= P(a, b) a+ P(a, b)(e- a)=O. 
Hence a+b is idempotent. We have P(b) a=O by 10.3 (iii), so aE v,,-b 
by 10.3 (ii). Finally P(a, b) J;;=P(b) J;;=O (by 10.6 and 10.3 (iii)). Hence 
J;;=P(a+b) J;;EP(a+b) V= J;;H' 

If a and b are as in 10.16 (ii) we say that they are orthogonal idempotents. 
10.16 (ii) shows that orthogonality is a symmetric relation between idem
po tents. We say that a+O is a primitive idempotent if a is the only idem
potent of !/ contained in v". 
10.17 Lemma. (i) If a is a primitive idempotent then a is not expressible 
as a sum of two orthogonal idempotents; 
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(ii) Let I be an ideal in Y. Let ad be a nonzero idempotent which is not 
expressible as a sum of two orthogonal idempotents contained in I. Then a 
is a primitive idempotent. 

Suppose a is a primitive idempotent. Assume a = b + c, where band 
c are orthogonal idempotents. Since bE v" and v" e Y,. (by 10.16 (ii)), it 
follows that b is an idempotent in Y,., hence b = a. This is a contradiction, 
whence (i). 

Let I be an ideal, let aEI be a non-primitive idempotent in l. There 
exists an idempotent b4=a in Y,.. Since Y,.=P(a) Vel by 9.6(i), we have 
bEl. By lQ.3(ii) we have pea, b) e=P(a, e) b=2b. Hence (a-b)2=a-b, 
so that a - b is idempotent. It also follows that 

Pee, b) (a- b)= pea, b) e- PCb, b) e= o. 
Since PCb) (e-(e-a))=b2 =P(b) b, we see that 

Pee-b) (a-b)=a-b-P(e, b) (a-b)+ PCb) (a-b)=a-b, 

whence a-bE v,,-b. Consequently, band a-b are orthogonal idem
po tents in I. This proves (ii). 

We now prove rationality results about idempotents. 

10.18 Lemma. Suppose that g' is defined over k. Let I be an ideal in g' 

which is defined over k and which is not a nil ideal. 
(i) I (ks) contains a nonzero idempotent; 
(ii) Let aEI(ks) be a nonzero idempotent which is not expressible as a sum 
of two orthogonal idempotents contained in I (k.). Then a is a primitive 
idempotent. 

The set S of idem po tents in I is a closed subset of I, which is defined over k. 
By 9.15 it is nonempty. Hence, as a consequence of Hilbert's Nullstellen
satz, SnI(kH0. This proves (i) ifchar(K)=O. 

Next let char(K)=p>O. From 3.15(iii) it follows that the set N of 
nilpotent elements in I is a closed subset. Since I is not nil, 1- N is a 
non empty open subset of I, which contains an element of I (ks), e.g. by 
[1, 13.3, p. 52]. This means that there is a non-nilpotent element x in 
I(ks). Let x=xs+xn be its Jordan decomposition according to 8.9. Then 
xP=xf + x~ (this follows from 8.7 and 8.9 if p4=2 and from 8.9 and 3.11 (ii) 
if p= 2). q being a sufficiently large p-power, it follows that y= xq=x~ is a 
nonzero semisimple element of I (ks). 

Then the substructure f7 of g' generated by y is defined (see 8.8), 
moreover I determines an ideal l' in f7, which is not a nil ideal. But f7 
is isomorphic to a J-structure f(A), where A is a commutative, associative 
algebra, which is defined over ks • In such a J-structure f(A), any idem
potent is central, as follows from 10.4(1). Since I(k) contains a nonzero 
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idempotent by what we established at the beginning of the proof, it 
follows from 10.9 that l' (ks) contains a nonzero idempotent. Hence I (ks) 

does. This establishes (i). 
To prove (ii) one argues as in the proof of 10. 17 (ii). One has to choose 

the idempotent b occurring in the proof in v" (ks), which fact can be 
established by an argument similar to that used in the proof of (i). 

10.19 Proposition. Suppose [f' is defined over k. Let I be an ideal which is 
defined over k. Any nonzero idempotent aEI(ks) is expressible as a sum of 
mutually orthogonal primitive idempotents of I (ks). If I is not a nil ideal, 
then I (ks) contains primitive idempotents. 

This is a direct consequence of 10.18. 

10.20 Proposition. Let a*O, e be a primitive idempotent in 9". 
(i) The set of nil po tents of v" is a hyperplane in v,,; 
(ii) Any nilpotent element of v" lies in the radical of 9". 

We proceed as in the proof of 9.16. Let XE v" , x=xs+xn be its Jordan 
decomposition. Since the powers Xi (i~ 1) lie in v", it follows from 8.9 
that x., XnE v". It follows as in the proof of 9.14 that Xs is a linear combi
nation of idempotents in v", whence XsE K a. 

If 9;;=(v",ja, a) is a J-structure one can argue as in the proof of 9.16 
to establish (i). By 1O.7(iv) this proves (i) if char(KH2. 

Next assume char(K)=2. We introduce in v" the restricted Lie algebra 
structure of 7.15 with [x, y] =P,,(x, y) a. Let adx(y)= [x, y]. If XE v" we 
have that x2n E K a, for sufficiently large n. It follows that then (adx)2 n = 0. 
By Engel's theorem [26, Cor. 2, p. 12] we conclude that the Lie algebra 
is nilpotent. But then (x + y)2n = x2n + y2n, for n large. This implies that the 
sum of two nilpotent elements of v" is again nilpotent, from which (i) 
follows. (ii) follows from (i) by using 10.14. 

10.21 Corollary. Let [f' be semisimple, let a*e be a primitive idempotent 
in V. Then dim v" = 1. 

We can now deal with the basic structure theorem for semisimple 
J -structures. 

10.22 Theorem. Assume that [f' is semisimple. Then V is the direct sum of 
its nonzero minimal ideals. For any such minimal ideal I there exists a central 
idempotent aE V such that I = v" and that 9;; = (v", ja, a) is a simple J-struc
ture. [f' is isomorphic to a direct sum of simple J -structures, which are 
uniquely determined up to isomorphism (except for their order ). 

If [f' is simple this is clear (with v" = V). We shall prove that for any proper 
ideal 1*0 there exists a central idempotent a with I = v". It then follows 
from 10.8 that 9;; is a J-structure. By 10.15 it is semisimple. An induction 
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on dim V now proves the first assertion. The last statement is then easily 
proved. 

So let I =1=0 be a proper ideal. By 9.12 and 9.15, I contains nonzero 
idempotents. Let aEI be an idempotent such that dim Ya is maximal. We 
have Ya=P(a) Vel and V;eP(a,e) V=P(e, V)ael (by 10.3). We shall 
prove that Ya = I, Ya' = O. We proceed in two steps. 

(a) 

Let bEv,,_anl be idempotent. By 10.16(ii) we know that a+b is idem
potent and that Ya e Ya +b' The maximality of Ya implies that Ya = Ya +b. 

Hence a+b=P(a)(a+b)=a, whence b=O. This implies that v,,-anl 
consists of nilpotent elements (by 8.9 and 9.14, observing that v,,-a n I is 
closed under taking powers with strictly positive exponents). 

Let rEv,,_an/, let XEv,,-a be such that a+x is invertible. As in the 
proof of 9.12 we have 

Ne_a(x+r)2 =N(a+x+r)2 

=N(a+x?· N(e+ P(a+x)-l r2+ P(a+x)-l P(x, e)r). 

Let l!-a be as in 10.7. We then have P(a+x)-l r2 =l!_a(x)-l r2E 
v,,-a n I and P(a+x)-l P(x, e) r=l!_a(x)-l l!_Ax, e-a) rE v,,-a n I. 
Hence P(a+x)-lr2+P(a+x)-1 P(x,e)r is nilpotent. It follows from 
3.15(iii) that 

Ne_a(x+r)2 =N(a+x)2 =Ne_a(x?, 

whence (as in the proof of 9.12) 

Ne_a(x +r) =Ne_a(x). 

But now 10.14 shows that r=O. Hence v,,_an/=O. 

(b) V;=O. 

By 10.3 (iii) we have P(Ya') Ya e v,,-a n I =0. Let qJi be as in 1.11. It follows 
from 1.11 that we have, ifxEYa, YEv,,-a, X'EYa' 

0= qJi(P(X') x, y)= qJi(X, P(x') y) 

(1 ~ i ~ d). 10.12 (ii) then implies that 

N,,(x + P(x') y) = N,,(x), 

which by 10.14 implies that P(Ya') v,,-a=O. 
Since (V;? e v" + v,,-a, it now follows that P(V;)(V;)2 =0. In partic

ular we have (X')4 = P(X')(X')2 =0 for all X'EV;. So all elements of V; are 
nilpotent. 
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Let XE 11;" yE v,,-a, x' E v,;. By §3, (14) and 3. 15 (iii) we have 

(11) N(P(e + x')(x + y))=N(x+ y). 

Now 
P(e+x') (x+ y)=x+ y+ P(x', e) x+P(x', e) y=x+ y+tx,y(x') 

(the other terms vanish by what we just established). We have 

ta,o(x')=P(x', e) a=P(a, e) x' =x', 
by 10.3 (ii). 

By 1O.3(iii), tx,y is a linear transformation of V;, depending linearly 
on x and y. Since it is surjective for a particular choice of (x, y), it must be 
surjective for (x, y) in some nonempty open subset U of 11;, x v,,-a' Then 
(11) implies 

N(x+y+x')=N(x+y) (X,y)EU). 

But then we have 
N(v+x')=N(v) 

for all VE V. By 9.11 it follows that x' is a radical element, hence V; =0. 
Since V; = v,,-a n 1=0, it follows that 1=11;" establishing the assertion 
made in the beginning of the proof. 

10.23 Corollary. Assume that!/' is defined over k and semisimple. Then its 
nonzero minimal ideals are defined over ks • !/' is isomorphic to a direct sum 
of simple J -structures which are defined over ks • 

The corollary will follow if we show that the central idempotents of !/' 
are defined over ks • It follows from 10.8 and 10.22 that the set of central 
idempotents is finite. On the other hand it is a k-closed subset of the 
k-open subset {XE Vldet(P(x, e)-lt=l=O} of V (by 10.3 (ii)). It follows 
that all central idempotents lie in V(k), hence in V(ks) by 10.9. 

10.24. Suppose!/' is defined over k. We say that!/' is k-simple, if!/, does 
not contain ideals I defined over k distinct from 0 and V. 

10.22 and 10.23 imply that a semisimple!/' is a direct sum of k-simple 
J-structures. Moreover 10.23 implies that a k-simple!/' is a direct sum of 
simple J-structures, which are defined over ks and which are permuted 
transitively by the Galois group of ks/k. 

10.25 Sets of orthogonal idempotents. Let aI' ... , ak be mutually ortho
gonal idempotent elements in V, with a l + ... + ak = e. With the notations 
of 10.3, 10.5, 10.11 we put 
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h 

10.26 Lemma. (i) If XrE v,. (1 ~ r ~ h) is such that L xr is invertible then 

h 

(ii) If trE K* (1 ~ r ~ h) then L tr ar is invertible and 
r=1 

(iii) The morphism t/J of (<GIL1)h into the inner structure group G1 of g 
defined by 

is a homomorphism of algebraic groups; 
(iv) If g is defined over k and if arE V(k) (1 ~ r ~ h) then t/J is defined over k 
and im t/J is a k-split sub torus of G l' 

This is true for h= 2, by (3),3.14 and 10.2. Assume the assertion to be true 
for h - 1 orthogonal idempotents. Let Xr (1 ~ r ~ h) be as in (i). If r> 1 we 
have xrEP(ar) VcP(e-a1 ) V= Ye-a" by 10.3 and 10.16. Hence by (3) 

F or all i * 1 we have by 10.16 that a1 + ai is idempotent, hence 

j (t Xr) = ja, +a.(X1 + Xi) + L jr X" 
1 r*1. i 

by our inductive assumption. These two formulas imply 

je-a, (t Xr) = tjr x" 

whence (i). (ii) is proved similarly, we omit the proof. 
To prove (iii) we first observe that we have, as in the proof of 10.2 

(12) ( 
h ( h h 

P ~ tr ar ) ~ Us as) = ~ t; Ur a" 

if t" usEK. Using §3, (18) it follows that 
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h 

for all n ~ O. Let c1 , ••• , Ch be h distinct elements of K* and put x = L Cr ar • 

1 

It is then easily seen that all ar are linear combinations of powers of x. 
Using 3. 11 (ii) it follows that any two of the linear transformations P(ar), 

P(a" as) commute. 
Hence all linear transformations 1/1 (t1' ... , th) of (iii) commute. (iii) now 

follows from (12), in the same manner as the corresponding assertion of 
10.2 was derived from (1). The proof of (iv) is easy. 

1/1 being as in 10.2(iii), put 

Clearly v"s= v,r' 
v"s= {XE VI 1/1 (t1' ... , th)x=tr tsx}. 

10.27 Proposition. (i) V is the direct sum of the spaces v"s (1 ~r~s~h); 

(ii) We have v"r= v" = P(ar) V, v"s= {XE VIP(a" as) x=x} (r=l=s); 
(iii) P(v,,) v"s=P(v,,) v,=0 (r=l=s), P(v"s) V;=O ijr=l=s, t=l=r, t=l=s; 
(iv) If r =1= s then P(v"s) L V;u C L V;u, P(v"s) v" c v" (v" sf c v" + v,. 

The proof is quite similar to that of 10.3, we therefore omit it. 

10.28 Lemma. Let Xr E v" (1 ~ r ~ h). Then 

N (~Xr) = 0 ~(Xr)' 
For h=2 this is (8). The proof for arbItrary h is similar, using 10.26(i) 
instead of (3). 

10.29 Proposition. Let g be semisimple. Let al' ... , ah be mutually ortho
gonal primitive idempotent elements, with sum e. Assume that there exists 

h 

an element of the form LXi ai (XiE K*) whose minimum polynomial has the 
i=l 

same degree d as the norm N. Then h = d. 

By 10.21 we have dim v" = 1. Clearly (v",j" er ) is a J-structure, viz. the 
I-dimensional one f(K). By 1O.12(iii) we then have ~(tar)=t. 10.28 
implies that ( h ) _ h 

N L tr ar - f1 t" 
1 1 

which proves the assertion. 

10.30 The equations P(a, e)=O and P(a)=id. If aE V, P(a, e)=O then we 

have by §3, (10) 2a=P(e, e) a=P(a, e) e=O 

whence a=O if char (K)=l= 2. This is no longer true if char(K)=2. For 
example, let then A be a commutative, associative algebra, let f(A) be 
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the l-structure defined by A, see 2.1. It follows from 2.2 that now 
P(A, e)=O. 

From 10.3(ii) one sees that P(a, e)=O (in characteristic 2) if a is a 
linear combination of central idempotents. The next result gives a 
converse to that statement. 

10.31 Proposition. Let char(K)=2. Assume that !/ is a semisimple 
l-structure which is separable. If aE V, P(a, e)=O then a is a linear com
bination of central idempotents of Y'. 

(Separability was defined in 7.7.) Let C= {XE VIP(x, e)=O}. From §3, (7) 
with y = z = e it follows that 

P(x, e)2 = P(x2, e), 

hence C is closed under taking squares. It then follows from the last 
assertion of 8.9 that if a E C has the 10rdan decomposition a = as + an, we 
have as> anE C. 

We claim that under the assumptions of 10.31, C does not contain 
nonzero nilpotents. Since the idempotents in C are clearly central, the 
assertion then follows (the fact that C is closed under taking squares 
implies that if aE Cis semisimple, the underlying vector space of the sub
structure !/ (a) of 8.8 is contained in C). 

To establish the claim let a E C, a2 = o. Put y = e, Z = a in § 3, (7) and 
apply both sides to e. We then find that P(a) x2 =0 for all XE V. The separa
bility of!/ then implies P(a) =0. But now 1.16 (i) shows that P(ga)=O for 
all g in the structure group G of Y'. But then (g af =0 for all gEG, hence a 
is a radical element of 9; see 9.10. The semisimplicity of!/ then implies 
a=O which is what we wanted to prove. 

10.32 Corollary. Assume that !/ is simple and separable. Then P(a, e)=O 
implies aEKe. 

10.33 Proposition. Let aE V, P(a)=id. 
(i) If char(KH=2 then there exists a central idempotent c such that 
a=e+2c; 
(ii) Ifchar(K)=2 and if!/ is simple and separable then a=e. 

If P(a)=id then a2=P(a)e=e. If char(K)=I=2 put c=!(a-e). Since 
(e-af=e-P(a,e)a+a2=2e-2a, we have c2=c. Moreover P(e,c)+ 
P(c)=O. With the notations of 10.3, it then follows from 10.3(ii) that 
~ = 0, so that c is a central idempotent. 

Next let char(K)=2 and assume !/ to be semisimple. Let (ai)l;S;i;S;h 
be a maximal set of orthogonal primitive idempotents, with sum e.-Let 
t/J be as in 10.26(iii) and let 

V= EB v,.s 
l~r~s~h 
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be the decomposition of 10.27. By 10.21 we have v,.s=Ka,. Let P(a)=id 
and put h 

a= L c, a,+ La,s> 
r=l l~r<s~h 

where a,sE v,.s' We have, using §3, (6) 

P (tc,t;+ l~,~s~ht,tsa,s) = "'(t1' ... ,th?, 
if t,EK*. It follows from 10.27 that 

P(a" ast) = 0 
and that c, = 1. But then 

h 

P(e, ast)= L P(a" ast)=O. 
,=1 

If Y is simple and separable then 10.32 implies that ast=O. Hence a=e, 
which proves (ii). 

10.34 Corollary. If Y is simple and separable (ifchar(K)=2) then P(a)=id 
implies a = ± e. 

10.35 Remark. It will follow from the classification of simple J -structures, 
to be given in § 13, that in characteristic 2 all simple J -structures are 
separable (see 13.7). By 10.22 the same then follows for semisimple 
J-structures. Hence the condition of separability in 10.31 and 10.33 (ii) is 
redundant. It is desirable to have a more direct proof of this fact. 

Notes 

The Peirce decomposition is a standard tool in Jordan algebra theory, see e.g. [14, Chap
ter III] and [15, Chapter II]. The treatment given here is based on the interpretation of 
the Peirce spaces v,., v'-a, V; as weight spaces of the torus Sa in V (notations of 10.2 and 
10.3). 
10.22 is one of the basic structure theorems, due originally to Albert, in the case of Jordan 
algebra of characteristic not 2. The proof given here of 10.22, which makes use of properties 
of N, is somewhat different in spirit from the Jordan algebra proofs occuring in the litera
ture, see e.g. [8, I, § 13, p. 55-56], [14, p. 201], [15, p. 3.25]. 
Via the correspondence between J-structures and (quadratic) Jordan algebras, our notions 
of simplicity and semisimplicity of a I-structure defined over a field k c K, correspond to the 
notions of .. absolute" simplicity and semisimplicity. Because of this, we can establish 
results like 10.23, which show that inseparable extensions of the base field can be avoided. 
It should be clear that in the framework adopted here, absolute simplicity and semi
simplicity are the natural notions. 
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This section is a preparation for the next ones, where the classification of 
simple l-structures is to be discussed. We shall deal with a problem in 
the theory of linear algebraic groups which is basic for that classification. 
We shall have to rely heavily on the theory of semisimple algebraic groups 
and their rational representations, for which we refer to [10]. For the 
results on root systems to be used we refer to [7]. 

11.1. We first show how the results of the preceding sections lead to a 
classification problem of algebraic groups. 

Let 9'=(v,j, e) be a l-structure with structure group G. Given an 
idempotent element a 04= 0, e in V, we can associate with it a 2-dimensional 
torus Sa in G (see 10.2). Sa contains the I-dimensional subtorus C of G 
consisting of the scalar multiplications by elements of K*. Let G', S' 
denote the identity components of the intersections of the special linear 
group SL(V) (the subgroup of GL(V) whose elements have determinant 1) 
with G and Sa, respectively. Clearly G=C(GnSL(V)). Moreover, G' 
has finite index in G n SL(V) and CG' is connected. It follows that CG' 
is the identity component GO of G. Likewise we have CS' = Sa' The group S' 
is a I-dimensional torus. 

If c is a rational character of S', denote by V(c) the corresponding 
weight space of S' in V, i. e. 

V(c) = {VE Vis v =c(s) v for all SES'}. 

Then V is the direct sum of the different nonzero weight spaces V(c), see 
[1, p. 200]. It follows from the proof of 10.3 that in the present case the 
weight spaces are v,. , v,,-a and v,; (in the notation of § 10), so that at 
most 3 weights of S' occur. If a is not a central idempotent (and a 04= 0, e) 
there are indeed 3 weights, for all three spaces v,., v,; and v,,-a are non
zero. 

Moreover, ¢a being the homomorphisms (<Gll..,1)2 - G1 of 10.1, the 
fact that the 3 possible weights for the corresponding rational represen
tation (<Gll..,1)2 _ GL(V) are given by ¢a(t, u) = t2, t U, u2 (which follows 
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from 10.3 (i)) implies that the weights of S' in Vhave a special property. 
Identifying the group of rational characters of S' with lL, there correspond 
to the 3 possible weights of S' three distinct integers b, c, d, which can be 
chosen such that b + d = 2 c. The corresponding weight spaces are v" , v.: , 
v,,-a, respectively. We can order the character group of S' such that 
b>c>d, b>O (as is easily seen). 

Finally, if a is a primitive idempotent and if Y is semisimple, we have 
by 10.21 that dim v" = 1, which means that the corresponding weight b 
of Y' has multiplicity 1. 

We shall now study in more detail such a situation, assuming more
over that the group G' acts irreducibly in V. We now change the nota
tion and we shall formulate the problem to be discussed in a precise 
manner. 

V denotes a finite dimensional vector space. Let G be a nontrivial 
connected linear algebraic group, contained in the special linear group 
SL(V). The following lemma is well-known. We sketch the proof. 

11.2 Lemma. If G acts irreducibly in V then G is semisimple. 

Let U be the unipotent radical of G. Let 

One knows that Vo+O(see [1, p. 158]). Also, since U isa normal subgroup 
of G, we have that G stabilizes Vo. The irreducibility assumption now im
plies that Vo= V, hence U = {e}. 

The radical R of G is then a central torus in G. By Schur's lemma, the 
elements of R are scalar multiples of the identity. But since GcSL(V), 
it follows that R must be finite, hence R = {e}. This establishes 11.2. 

Let S be a subtorus of G. Let c be a weight of S in V, i.e. a character of 
S such that the corresponding weight space V ( c) (the definition of which 
was recalled in 11.1) is nonzero. Its dimension is then called the multi
plicity of the weight c. Let 9 be the Lie algebra of G. S acts in 9 via the 
adjoint representation of G in g. The nonzero weights of S in 9 are the 
roots of S. The following lemma is probably well-known. We consider 
the character group of S as an additive abelian group. 

11.3 Lemma. Any root of S is a difference of2 weights of S in V. 

G is an algebraic subgroup of SL(V), hence of GL(V). Its Lie algebra 9 
is then a subalgebra of the Lie algebra gl(V) of all endomorphisms of V. 
It is clear that it suffices to prove the assertion for G=GL(V). S is con
tained in a maximal torus T of GL(V). But the maximal tori in GL(V) 
are the groups of nonsingular diagonal transformations, with respect to 
some basis of V. For such a T the assertion of the lemma is obvious. 
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11.4. We now assume moreover the following: 
(a) G acts irreducibly in V; 
(b) There exists a I-dimensional sub torus S ofG such that one ofthefollow
ing conditions is satisfied: 
(1) S has two weights in V, 
(2) S has three weights in V. There exists an isomorphism of the character 
group X (S) of S onto lL, such that the weights correspond to three integers 
a, b, c with a> b > c and a + c = 2b and such that the weight corresponding 
to a has multiplicity 1. 

We call such a triple (V, G, S) admissible. We refer to the two possible 
situations in (b) as case 1 and case 2. We now can state the aim of this 
section. It is the solution of the following problem. 

Problem. Determine the admissible triples (V, G, S). 
Although the l-structures lead to case 2 only, the solution of the problem 
in case 1 is needed for the solution in case 2. 

11.5. Let (V, G, S) be admissible. By 11.2 we have that Gis semisimple. 
Let T be a maximal torus in G containing S, let X(T) be its character 
group, let cjJ: X(T)~X(S)=lL be the restriction homomorphism. We 
choose compatible orderings on X(T) and X(S) (which is possible by 
[4,3.1, p. 71], such that the order onlL has the properties described above 
in case 2. 

Let}; be the root system of G with respect to T, let L1 be the basis of }; 
defined by the order of X(T), see [7, Ch. VI, Dec. 2, p.153]. We say that G 
is quasi-simple if }; is irreducible. 

It is known that there exists a set (Gi)l';i';h of quasi-simple semi
simple groups Gi and a central isogeny Il(: G1 x-·:-· x Gh ~ G (which means 
that Il( is a surjective homomorphism of algebraic groups, with finite 
kernel, such that the restriction of Il( to a maximal connected unipotent 
subgroup U is an isomorphism in the sense of algebraic groups of U 
onto Il((U)). 

11.6. Let G' = G1 X G2 be a direct product of semisimple groups. Let 
Pi: Gi ~ SL(V;) be nontrivial irreducible rational representations (i = 1,2). 
Put V = ~ ® V2 and let p: G' ~ SL(V) be the tensor product representa
tion PI ® P2 of G' in V. It is known that P is irreducible. 

Now let Sl be a I-dimensional torus in G such that (~, PI(G1), PI (S)) 
is admissible. Put G= p(G'), S = P(SI x {e}). It is immediate that (V, G, S) 
satisfies all conditions of an admissible triple, except perhaps the multi
plicity condition in case 2. At any rate (V, G, S) is admissible if we are 
in case 1. Such an admissible triple is called decomposable. Otherwise it is 
called indecomposable. 
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In case 2, an admissible triple is always indecomposable. The same 
holds in case 1, if one of the weights of S in V has multiplicity 1. We can 
now state a first result on the classification of admissible triples. 

11.7 Proposition. Let (V, G, S) be admissible. 
Case 1. Suppose that (V, G, S) is indecomposable. Then G is quasi-simple. 
Case 2. G is either quasi-simple or G is isogeneous to a product of two 
quasi-simple groups Gland G 2. In the second case there exist irreducible 
rational representations Pi: Gi~GL(V;) and 1-dimensional sub tori Si in Gi 
such that (V;, Pi(GJ, Pi(SJ) is admissible in case 1 and that V = Yt ® V2, 
G=Pl(G1 )®P2(G2 ). Moreover one of the weights of Si in V; has multi
plicity 1 (i = 1, 2). 

Suppose that G is not quasi-simple. Let (l(: G1 x G2 ~ G be a central 
isogeny, G1 and G2 being semisimple groups. Let S' be the identity 
component of (l(-l(S) and let Si be the projection of S' on Gi . We have an 
irreducible rational representation P of G1 x G2 in V. It is known that 
there exists irreducible rational representations Pi: G ~ GL(V;) (i = 1,2) 
such that V = Yt ® V2, P = PI ® P2. Since (V, G, S) is indecomposable, we 
must have Si=!={1}. 

Fix isomorphisms ri: <GILl ~Si (i=1,2). Then there exists an iso
morphism r: <GILl ~ S with 

r(x)= P1 (r1 (X)Yl® P2 (r2 (XW'2, 

where ).1 and ).2 are nonzero integers. 
Let Vi be a weight vector of Si in V;. Hence 

Pi (ri (x)) Vi=xa, Vi. 
Then 

r(x)(v1 ®V2)=X"lal+A2a2(V1 ®V2), 

so that ).1 a1 + ).2 a2 is a weight of <GILl in V. If v; is a second weight vector 
of Si in V;, with a different weight, we would get weights ).1 a1 +).2 a2' 
A1 a~ + A2 a2 , A1 a1 + A2 a2, A1 a~ + A2 a2 of <GILl in V, with a1 =!= a~, a2 =!= a2 . 
It is immediate that among these integers there are at least 3 distinct 
ones. It follows that, if S is to have 2 weights in V, at least one Si has only 
one weight in V; hence would be in the centre of Gi , which is absurd. 
Hence the first assertion follows. 

A similar argument shows that in case 2, Si can have only 2 weights in 
V;. The multiplicity condition in case 2 implies that at least one weight 
of Si must have multiplicity 1 in V;. This establishes the assertion about 
case 2. 

11.8. Let (V, G, S) be admissible, with G quasi-simple. We use the notations 
of 11.5. 
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Let a be the highest root of 1:, with respect to the ordering which we 
have chosen (see [7, p. 166J). 
We have 

The positive integer h~ is called the coefficient of rx in a, we have h~ ~ 1. 
Let ¢ be as in 11.5. 

11.9 Lemma. There exists an integer n ~ 1 such that ¢ (1:) c {n, 0, - n} 
in case 1, respectively ¢ (1:) c {2 n, n,O, - n, - 2 n} in case 2. 

Let a, b (respectively a, b, c) be the weights of S in V. In case 2 assume 
them to be as in 11.4. The assertion now follows from 11.3, with n= la-bl. 

11.tO Lemma. (i) In case 1 there exists exactly on rxEA with ¢(rx)=I=O. It 
has coefficient 1 in iX; 
(ii) In case 2 there are at most two rxEA with ¢(rx) =1=0. They have coefficient 
~2 in iX. 

We have ¢(iX)=Ih~¢(rx). n being as in 11.9 we have in easel that 
~ELI 

¢(iX)=n, ¢(rx)=O or n. (i) follows at once from this observation. The 
proof of (ii) is similar. 

Remark. It follows from 11.10 that in case 1 only such quasi-simple G 
can occur, for which a coefficient 1 occurs in the highest root. This 
already rules out groups of type E8 , F4 , G2 , where all coefficients h~ are 
~2, see [7, pp.269, 272, 274]. 

11.11. Let W be the Weyl group of T. W acts in the real vector space 
R=X(T)Q9z IR. Let (I) be a positive definite scalar product on RxR 
which is W-invariant. We identify 1: with a subset of R. 

The fundamental weights m~ (rxEA) are defined by 

where O~fl is the Kronecker symbol. Let P be the subgroup of R generated 
by the m~ (rxEA). We order the elements of P as follows: x<y if y-x is a 
sum of positive roots. 
There exist a unique highest weight (for this order) mEP n X(T) of T 
in V, with multiplicity 1. We have 

(1) 

where the n~ are integers ~O (see [10, expose 16J). 
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Let Wo E W be the element which sends positive roots into negative 
ones. We put x*=wox for all xEP. Then wom=m* is the lowest weight 
of T in V, as follows from the definitions. 

11.12 Lemma. Assume that 1: is irreducible, let CX:EL1. 
(i) There exist strictly positive rational numbers nap such that 

(2) ma= LnaP f3; 
PEt. 

(ii) There exist strictly positive integers map such that 

This can be proved by checking cases, using the tables of [7, pp. 250-275]. 
A better proof is as follows. It is clear that there exist rational numbers naP 
such that (2) holds. That naP~O follows from the following facts: (a) (13, y) 
~O if 13, YEL1, 13 4=y, (b) (ma, mp)~O for all f3EL1, see [7, Ch. V, § 3, Lemme 6, 
p.79]. 

Now assume that nay = 0 for some yE .1. Let Sy be the reflection defined 
by y, i.e. the linear transformations of R given by 

Sy x =X - 2(yl y)-l(yl x) y. 
Then 

where 
n= - L 2naP (yly)-1(ylf3). 

P'*y 

From (Sy malsy ma)=(malma) it follows that we must have n=O. Since 
naP~O, (ylf3)~O if f34=y, it follows that naP=O if(f3ly)4=O. The connected
ness of the Dynkin graph of 1: then implies that we have naP=O for all 
13 E .1, which is impossible. This establishes (i). 

To prove (ii) write Wo as a product of sp (f3EL1). One then sees that 
ma-m: is an integral linear combination of the f3EL1. (ii) then follows 
from (i), observing thatthere is a permutation n of .1 such that wof3 = - n(f3). 

11.13 Lemma. There exist strictly positive integers mp (f3EL1) such that 

m-m*= Lmpf3. 
PEt. 

If m4=ma for all CX:EL1 then mp~2 for all f3EL1. 

This follows from 11.12, using (1). 
We can now establish a result which will allows us to give the full 

classification of admissible (V, G, S). Recall that by 11.10 there are at 
most 2 roots CX:EL1 with </J(cx:)4=0. If we are in case 1 there is only one. 
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11.14 Proposition. Let Cv, G, S) be admissible with G quasi-simple. 
(A) Assume that there is one exELI with 4>(ex)+O. 
(i) S is the identity component Sa of the intersection of the kernels of the 
13 E LI with 13 =t= ex; 
(ii) In case 1 there exists I3ELI such that f1J=f1Jp. ex has coefficient 1 in 
f1Jp -f1J; and in &. If one of the weights ofS in V has multiplicity 1 then 13= ex; 
(iii) Incase 2 we have f1J = f1J a or f1J = 2 f1J a. If f1J = f1J a then ex has coefficient 2 
in f1Ja-f1J:. Iff1J=2f1Ja then ex has coefficient ~2 in &. 
(B) Assume that there are two roots ex, I3ELI with 4>(ex)+O, 4>(13)+0. 
(iv) We then have f1J=f1J" or f1J=f1J p, moreover ex and 13 have coefficient 1 in 
f1J- f1J*. 

First consider case 1, so that we have the situation (A). Let a and b 
(a> b) be the weights of S in V (X(S) being identified with Z). 

Let exELI, 4> (ex) =t= 0. By 11.3 we have 4>(ex)=a-b. But clearly 4> (f1J) = a, 
4>(f1J*)=b, hence also 4>(f1J-f1J*)=a-b = 4> (ex). By 11.13 it follows that 

(3) 4>(f1J-f1J*)= L mp 4>(13), 
PE-1 

whence a-b=ma(a-b). Using 11.13 the first assertion of (ii) follows. It 
also follows that ex must have coefficient 1 in f1Jp-f1J;. That ex has coef
ficient 1 in & was already proved in 11.10(i). 

We next prove (i). Clearly S is contained in Sa. Since both S and Sa 
are I-dimensional tori they must be equal. 

In case 1 it remains to prove the last point of (ii). Let SyE W be the 
reflection defined by YELl. Then 

Sy f1J=f1J-2(f1Jly)(yly)-1 Y 

is again a weight of T in V and 

4> (Sy f1J) = 4> (f1J) - 2 (f1J I y)(y I y)-l 4> (y). 

If one of the weights of S in V, say the highest one a, has multiplicity 1, it 
follows that (f1Jly)=t=O can only be if 4> (y)+O. This shows that we must 
have 13 = ex in (ii), as asserted. 

New assume that we are in case 2 and in the situation (A). Let a, b, c 
be the weights of S in V, with a>b>c, 2b=a-c. Then 4>(f1J-f1J*)= 
a-c=2(a-b). By 11.3 we have 4>(ex)~a-b or 4>(ex)=O, if exELI. 11.13 
now implies that 

The multiplicity condition shows, as before, that (f1J I ex)+ ° implies 
4> (ex) =t= 0. Let 4> (ex) =t= 0, ma = 1. By 11.13 there is I3ELI with f1J = f1Jp, moreover 
(f1J P lex) =t= 0, wence 13 = ex. 
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If 4> (a)=l= 0, ma =2 the inequality shows that 4>({J) =0 for {J4=a whence 
m=wUJa. 11.13 implies that then we must have n~2. (i) has now been 
established. 

It has been proved that m=ma or m=2ma and that a has coefficient 
~2 in ma-m:. Now assume that m=ma and that a has coefficient 1 in 
ma-m:. If c is a weight of T in V then we have 

ma-c= I kfJ {J, 
fJEd 

where the kfJ are positive integers. Since m: is the lowest weight our 
assumption implies that ka ~ 1. Hence 

4> (c) = 4> (m~) - k~ 4> (a), 

and it would follow that S had only 2 weights in V, which is a contradic
tion. Hence a has coefficient 2 in m ~ - m:. It is also clear that, if m = 2 m a' 

a must have coefficient 1 in m~-m:. The last assertion of (iii) was already 
established in 11.10(ii). We finally have to deal with (B). To prove (iv) 
one uses similar arguments. We leave the details to the reader. 

A corollary of the proof is a converse of 11.14 in case 1. We now denote 
by G a quasi-simple linear group, which we assume to be simply con
nected (for this notion see [2, p. 193-194J). The notations remain the 
same. It is known that for any m of the form (1) there exists an irreducible 
rational representations p of G such that T has highest weight m in that 
representation. If aEL1, we denote again by Sa the identity component of 
the intersection of the kernels of all {J E L1 with {J 4= a. 

1l.tS Corollary. Let a, {JEL1. Suppose that a has coefficient 1 in mfJ-m;. 
Let p: G~GL(V) be an irreducible rational representation such that T 
has highest weight mfJ in V. Then (v, p(G), p(Sa)) is admissible in case 1. 

To prove that p(Sa) has 2 weights in V one proceeds in the same way as 
in the last part of the proof of 11.14. 

In case 2 a similar result is true (see 11.18). But we prefer to establish 
this via the explicit classification of admissible triples, to which we turn 
now. 

11.16 Classification. 11.14 reduces the determination of the admissible 
(V, G, S) with G quasi-simple to the solution of a problem on root systems, 
viz. the determination in the situation of 11.14(A) of the possible aEL1 
and mfJ such that the conditions of 11.14(i) (respectively, 11.14(ii)) are 
fulfilled and the determination when the situation of 11.14(iv) can hold. 

The root system 1: of G with respect to T is of one of the types 

AI(l~l), BI(l~2), CI(l~3), DI(l~4), E6 , E7 , E8 , F4 , G2 • 

We shall check the possibilities for the various types. 
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We use the notations of [7, p.250-275J for the explicit description 
of the irreducible root systems and the numbering of simple roots and 
fundamental weights. If rxi is a simple root we write Wi instead of wai • As 
in 11.11, Wo denotes the element of the Weyl group W which sends 
positive roots into negative ones. 

Type A,. We have 

wi=(I+I)-l [(l-i+l)rxl +2(I-i+l)rx2 + ... +(i-l)(l-i+1)rxi_l 

+ i(l- i+ 1) rxi+ i(l- i) rxi+l + ... + i rxa. 

Since Wo rxi= -rx,-i+l, we find that 

Wi- wt = rxl + 2 rx2 + ... +(i-l) rxi-l + i(rxi+ ... +rx,-i+l) 

+(i -1) rx'-i+2 + ... + 2 rx,_l + rx" 

if i~l-i+l, moreover 

In case 1, we must have i andj such that rxi has coefficient 1 in wj-wj. 
The preceding formulas show that we must have one of the following 
cases for rx and W 

rx = rxl or rxl> W= Wj (1 <j < /); 

rx=rxi (l~i~I), w=wl or W,. 

Assume now that we are in case 2 and that there is only one rxELl with 
¢(rx)=t=O. We then must have i such that rxi has coefficient 1 or 2 in Wi. 
We obtain the following possibilities: 

If we are in case 2 and if there are two roots rx, (J E Ll with ¢ (rx) =t= 0, ¢ ((J) =t= 0, 
then 11.14(iv) implies that we can only have 

We next discuss the other simple types. It will follows from 11.14(iv) 
and the formulas for the Wi-Wt, given below, that there no two distinct 
rx, (JELl can have coefficient 1 in Wi-Wt, so that the situation (B) of 11.14 
is impossible. We therefore assume from now on that we have the situation 
of 11.14(A). 
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TypeBI. We have wo=-I, Wr=-Wi. Then 

Wi-Wr =2 rxl +4rx2 + ... + 2(i -1) rxi-l + 2 i(rxi+ ... +rxl) (1 ~ i~ I), 

Wl- wt = rxl + 2 rx2 + ... + 1 rxl. 

In case 1 the only possibility is rx = rxl> W = WI. In case 2 we must have 
rx=rxl , W=WI or 1=2, rx=rx2, W=W2 • 

Type Cl. Wo= -1, wr = -Wi and 

Wi-Wr =2 rxl +4 rx2 + ... + 2(i -1) rxi_l + i(2 rxi+ 2 rxi+l + ... + 2 rxl-l + rxl). 

In case 1 the only possibility is rx = rxz, W = WI. In case 2 we must have 
rx=rxl , W=WI· 

Type Dl . We have Wo= -1 if 1 is even. If 1 is odd then 

Wo rxi = - rxi (1 ~ i ~ 1- 2), Wo (rxl- l ) = - rxz, WO(rxl) = - rxl_l · 

We find from the formulas of [loco cit., p.256-257] that 

Wi-Wr =2 rxl +4 rx2 + ... + 2(i -1) rxi- l 

+2i(rxi+ ... +rxl_z)+i(rxl_l +rxl) (l~i~/-2), 

Wl-I - Wt-l = rxl + 2rxz + ... +(/- 2) rxl-2 

+!/rxl_I+!(/-2)rxl if lis even, 

Wl- I -Wt-l =rxl + 2 rx2 + ... +(/- 2) rx l - 2 

if 1 is odd, 

and Wl-Wt is obtained from Wl-I-Wt-l by permuting rx l and rxl-l. 
It follows that in case 1 we have the following possibilities for I> 4 

rx=rxl , W=WI or WI-I; 

rx=rxl or rxl-l, W=W I . 

If 1 =4 we can also have 

In case 2 the only possibility is rx=rxl , W=W I if 1>5. If 1=4 we can also 
have 

If 1 = 5 there is also the possibility that rx = rx4 or rxs, W = W4 or ws. 

Type E6 • Making use of the results of [7, p. 261] one sees that the coef
ficient of rxi in W j - wj is always ;;:;; 2 and that a coefficient 2 only arises if 
i = 1, 6 and j = 1, 2, 6. This shows that case 1 is impossible and that in 
case 2 we can only have rx=rxl , W=W I or rx=rx6, W=W6. 
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Type E7 • We have Wo = -1. All coefficients of the (1.i in fiJj are> 1, except 
the coefficient of (1.7 in fiJI' as follows from [loco cit., p.265]. Hence both 
case 1 and case 2 are impossible. 

The remark after 11.10 shows that in the remaining types E 8 , F4 , G2 

case 1 cannot occur. Next consider case 2. We only deal with type E8 , 

in the other types F4 and G2 the argument is the same. By 11.14(iii), 
(1. has to have coefficient ~2 in the highest root &. By [loco cit., p. 269] we 
must have (1. = (1.1 or (1. = 1)(8. But since Wo = -1 and since (1.i has coefficient 
~ 2 in fiJi (i = 1, 8) it follows that case 2 is impossible. 

It also follows from the preceeding discussion that if (V, G, S) is 
admissible in case 1 and if S has a weight with multiplicity 1 in V, then 
(by 11.14(ii), last point) we must have type AI, 1)(=(1.1, fiJ=fiJ1 or (1.=(1.1, 

fiJ = fiJI. 

11.17 Explicit description of admissible (V, G, S) (G quasi-simple). Except 
for a possibility with type E6 , which occurs in case 2, all possibilities 
listed above provide" classical groups ", i.e. of types AI> BI , CI , DI • Then 
explicit descriptions of the groups and their representations exist, which 
lead to concrete realizations of the various possibilities. 

We denote by G a simply connected quasi-simple group of the same 
type as G. Let n: G- G be a central isogeny. Let f be a maximal torus 
in G, with n(f) = T. The root system of G with respect to f can be identi
fied with 1:. 

If fiJi is a fundamental weight, let Pi denote an irreducible rational 
representation of G such that T has highest weight fiJi in Pi. Such a Pi 
exists. 

Let Si be the identity component of the intersection of the kernels 
in f of the I)(j (H=i). The discussion of 11.16, together with 11.14 now 
leads to the following explicit descriptions of the admissible triples. 

Type AI. We may take G=§ll...I+I. Let A=KI+\ let (ei)l:5i:5I+I be the 
canonical basis of A. We may take f to be the maximal to-rus in G con
sisting of the linear transformations t of A with 

1+1 

with TI Xi = 1. Define a character ei of T by 
i=1 

ei(t)=Xi· 

Then the ei are as in [7, p. 250-251], as follows e.g. from [10, expo 20]. 
It is known (see [10, p. 20-08]) that Pi is the canonical representation 

i 

of G in the exterior power V; = /\ A (1 ~ i ~ I). Let Si be the I-dimensional 
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torus consisting of the tE T with 

t e·=x'+ 1 - i e· 
J J 

t ej=x- i ej 
with xEK*. 

(1;£j;£ i), 

(i+1;£j;£I+1), 

The admissible triples in case 1 are 

('Vi, Pi(§ll...,+I), Pi(S)), 

with either 1 < i< I, j = i, 1 or 1;£j;£ I, i = 1, I. 
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If Pi(Sj) has to have a weight with multiplicity 1, the only possibilities 
are i = j = 1 or 1 (see the end of 11.16). Since PI = id and since P, is the con
tragredient of PI' there is then essentially only one possibility, viz. 
(K' +l, §ll...'+I' SJ. 

Next consider case 2. If char(K)+2 the representation u with highest 
weight 2 tiJ l is equivalent to the representation of §ll..., + I in the space 
§'+1 of all symmetric (I+l)x(l+I) matrices, given by u(X)S= 
XS· tX(X E§ll...'+1 (K), SE§,+I)' 
It is easily checked that the torus SI has in that case in fact 3 weights in 
§'+I' with multiplicities 1, I, t 1(1 + 1), respectively. This gives the admis
sible triple 

The representation with highest weight 2 tiJ, leads to the same admissible 
triple. 

If char(K) = 2, the irreducible representation with highest weight 
2 tiJl is the transform under the Frobenius endomorphism of the one 
with highest weight tiJl (see [2, first paragraph of p. 52]), which implies 
that then U(SI) has only two weights in the space of its representation. 
So this case is impossible, likewise that of highest weight 2 tiJ" 

The next possibilities for case 2 in type A, lead to the irreducible 
representation oc of §ll..., +1 in the space 0\-1+ I of all alternating (I + 1) x 
(I + 1) matrices. One checks easily that S2 has 3 weights in that representa
tion with multiplicaties 1,2(1-1), t(l-1)(I-2), respectively. 
This gives the admissible triple 

(4) 

The final case in type A" where there are 2 roots oc, {3EA with 4>(oc)=FO, 
4>({3HO gives an admissible triple 

(5) (K', §ll..." S), 

where S is a suitable I-dimensional torus (which is not unique). 
From the discussion in 11.16 it follows that in the remaining possibil

ities for case 1 we find the symplectic groups in their standard represen-
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tations, the even dimensional orthogonal groups in their ordinary 
representations and the various spin groups, in their spin representations. 
We do not insist on the details, which will not be needed in the sequel. 

From now on we discuss the remaining possibilities for case 2. If 
char(KH 2, we denote by ~(I)n the special orthogonal group, i.e. the 
subgroup of ~ILn consisting of the matrices X with X· t X = 1. If 
char(K) = 2 and n is even, then an analogue of ~<Dn can also be defined 
(see [12, p.65J). The simply connected covering group {; of G=~<Dn is 
the spin group ~pinn. The symplectic group ~PZn is the subgroup of~ILzn 

consisting of the X with tx( 0 In)X=lzn (where lr denotes an 
-In 0 

identity matrix). ~PZn is simply connected. 

Type B ,. First let char(KH, 2. We then have (;=~pinzl+l. The irreducible 
representation occurring in case 2 is Pl' with highest weight fiJl. We can 
identify Pl(G) with ~(I)ZI+l· 

Let V=KZ1 +1, let (eJO:5i:5ZI be its canonical basis. Define a quadratic 
form Q on V by - -ZI 1 

Q C~oxiei) =X~+i~XiXi+l. 

We may take for T the torus in G consisting of the linear transforma
tions t with 

tei=xi e;. 

tei+I=Xi- l ei+I' 

where 1 ;£i;£/, XiEK*. Let Ci be the character of f with 

Ci(t)=Xi (l;£i;£/). 

The Ci are as in [7, p. 252-253J, see [10, p.22-04]. 
Let S be the I-dimensional torus with sei=ei (i=l= 1, /+1), sel =xel , 

se'+l =x- l e'+ l (xEK*). It is immediate that S has only 3 weights in V, 
with multiplicities 1, 1, 2/- 1, respectively. We obtain the admissible 
triple (K z1 +1, ~<DZI+l' S). 

If char(K)=2, we may take {; to be the symplectic group ~PZI (see 
[10, p. 22-04, 22-05J). We shall recover this case in type C,. Also, the pos
sibility /=2, O(=O(Z, fiJ=fiJ2 for case 2 can be recovered in type Cz (via 
the isomorphism of groups of type Bz and groups of type C 2). 

Type D,. {; is now the spin group ~pin21. The irreducible representation 
which we deal with first is Pl' with highest weight fiJl . We then may take 
G=~<D21. Let V=K21, let (eJl~i~1 be its canonical basis. Let Q be the 



§ 11. Classification of Certain Algebraic Groups 119 

quadratic form on V with 
21 1 

Q (~l Xi ei ) = i~l Xi Xi+l· 

Let S be the torus consisting of the linear transformations s with s e1 = X e1, 

sel+! =x- 1 el+ 1' sei=ei (i=l= 1, 1+ 1), where xEK*. It has 3 weights in V, 
with multiplicities 1, 1,21- 2, respectively. The admissible triple is 
(K21, ~([)21' S). 

The other possibilities of 11.16 in case D 4 are related to this one via 
the triality automorphism and do not lead to an essentially new admis
sible triple. 

The extra possibility in type Ds which was found in 11.16 is ruled 
out by observing that in that case the torus Sa of 11.14 has more than 
3 weights in the representation Wa (which readily follows by using the 
formulas of [7, p. 256-257] and the results of [10, p. 20-05]). 

Type C1 (1;;;2). We have G=~P21. The representation with highest 
weight W1 is the standard one. Let again V=K21, let (eJl$i$21 be the 
canonical basis. We introduce a nondegenerate alternatIng bilinear 
form < , > on V x V by 

G is the group of linear transformations of V leaving this form invariant. 
S being as in case Dz, we obtain the admissible triple 

(6) (K21, ~P2Z, S). 

In the remaining possibilities for case 2, where G is of type E6 , it is 
known that the irreducible representations which are involved, those 
with highest weights W1 and W6' are of dimension 27, see [10, p. 20-05]. 
Moreover one is the contragredient of the other. This follows from 
[loc.cit., p. 20-10], using what Wo is in this case, see [7, p. 261, last 2 lines]. 
Let p be the representation with highest weight W1. It is known that p(G) 
is isomorphic to G, so that we may take G = G, the simply connected 
group of type E6 . 

An explicit check shows that the I-dimensional torus (which is 
given by 11.14(i)) has 3 distinct weights, with multiplicities 1,10,16, 
respectively (the weights of W1 are explicitly given in [10, p. 20-05]). We 
call the resulting admissible triples the exceptional ones. Since the two 
representations involved are contragredient, it follows that there is 
essentially only one such admissible triple. 

We have now, via a case by case check, also proved the following 
partial converse of 11.14 for case 2. The notations are as in 11.14. 
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11.18 Proposition. Let OCE L1. Suppose either that oc has coefficient 2 in 
m",-m: or that char(K)=I=2 and oc has coefficient 1 in m",-m:. Let 
p: G ----" G L(V) be an irreducible rational representation such that T has 
highest weight m", (respectively 2 m",) in V. Then (v, p(G), p(S",») is admissible 
and in case 2. 

11.19. Let (V, G, S) be admissible with G not quasi-simple. This case still 
remains to be dealt with. We use the notations of 11.17. The results of 
11. 7 together with the remark made in 11.17, at the end of the discussion 
of type A, (case 1), shows that we must have in that case that G 1 ~ §ILm, 

G2~§ILn' ~ =Km, V2 =Kn. Hence V=Kmn. Instead we take V=Mm.n, 
the space of m x n matrices. It then readily follows that we may take now 
G = §ILm x §ILn, acting in M m.n via the representation p with 

p(X, Y)Z=XYZ- 1, 

where XE§ILm, YE§ILn , ZEMm.n. 

Hence in the present situation we have as possible admissible triples 

(7) 

where S is a certain I-dimensional subtorus of §ILm x §ILn. 

Let (eij) (1 ~ i ~ m, 1 ~j ~ m) be the canonical basis of Mm. n' Then it is 
readily seen that one can take p(S) to be the torus consisting of the 
linear transformations s of Mm. n with 

seij=xmn - m - n eij if i= 1, or j= 1 and (i,j) =1= (1, 1), 

seij=x- m - n eij otherwise. 

We finally establish the result which will be the basis of the classifi
cation of simple J-structures. Let (V, G, S) be admissible in case 2. Let C 
be the I-dimensional torus of nonzero scalar multiplications in V. 

11.20 Proposition. Assume that GC has an open orbit in V, whose comple
ment contains a h ypersurface. We then have one of the following possibilities 
for G and V (up to isomorphism): 
(a) V =M" the space of r x r matrices (r> 1). G is the group of linear 
transformations ZHXZy- 1 ofM" with X, YE§ILr ; 

(b) char K =1= 2, V = §" the space of symmetric r x r matrices (r> 1). G is 
the group of linear transformations YH XY(,X) of §r with X E§ILr ; 

(c) V =A2" the space of alternating 2r x 2r matrices (r~ 2). G is the group 
of linear transformations y----" XY(tX) of A 2n with X E§IL2r ; 

(d) V=K2r, G=§«)2r(r~3); 
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(e) char K=I=2, V=K2r + 1 , G=~([)2r+1 (r~2); 
(t) dim V = 27 and G is a simply connected quasi-simple group of type E6 • 

We have to prove that the condition on the orbit of GC rules out the 
following kinds of admissible triples: those of the form (5) and (6) and 
those of the form (4) with 1+ 1 odd or of the form (7) with m =1= n. From the 
fact that ~ILI acts transitively on all nonzero vectors of KI it follows that 
the orbit condition does not hold for the admissible triple (5). A similar 
argument rules out (6). 

Next consider the last case. We may assume that m>n. There is an 
open orbit U of ~ILm x ~ILn in M m.n, whose elements are the matrices 
with maximal rank n. The complement F of U is a closed set inMm•n and 
one knows that Y E F if and only if the determinants of all n x n matrices 
contained in Yare 0. This shows that at least 2 non-proportional irre
ducible polynomial functions vanish on F, so that F cannot contain a 
hypersurface. In the remaining case (4) with 1+1 odd) the argument is 
similar. 

Remark. In all the cases of 11.20, the orbit condition is satisfied. This is 
easily checked, except in case (t). There the relation with J-structures, to 
be discussed in the next section will establish the assertion (see 12.4 and 
12.7). 

Notes 

A problem about Lie algebras related to case 1 of the problem of 11.4 was discussed by 
Kostant [20]. Case 1 was first treated (in characteristic 0) by Serre, using a method different 
from the one followed here. For the special case where the multiplicities of the 2 weights 
are relatively prime see [28]. The general case was discussed by him in (unpublished) 
lectures at the College de France in 1967-1968. 
In 2.21 we encountered already a situation similar to the one of case 2 of 11.4, viz. of a 
connected reductive group G and a I-dimensional subtorus of G such that S has only 2 non
zero weights in the adjoint representation of G, which are opposite. It is not difficult to 
classify such pairs (G, S) with G semisimple, by using the procedure of this section (observe 
that one then has an analogue of 11.10(i)). A similar situation occurs also in the theory of 
bounded symmetric domains. 
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Let yo =(V,j, e) be a J-structure, with structure group G. We say that yo 
is strongly simple if the identity component GO acts irreducibly in V. 
Recall that yo is said to be simple ifthere are no non-trivial ideals, see 1.3. 

12.1 Lemma. (i) A strongly simple J -structure is simple; 
(ii) If char (K) =1= 2 simple J -structures are strongly simple. 

Let yo =(V,j, e) be strongly simple. The radical of yo is a characteristic 
ideal of S (see 9. 12 (i)). It follows that yo is semisimple. Then 10.22 shows 
that yo is simple. This proves (i). 

If char(K)=!=2, it follows from 9.7(ii) that a GO-stable subspace of V 
is an ideal, whence (ii). 

Let yo=(v,j, e) be strongly simple, assume dim V> 1. 10.21 implies 
that V contains a primitive idempotent element a =1= 0, e. We use the 
notations of 11.1. So G' is the identity component of the intersection 
GnSL(V), S' is the I-dimensional torus constructed in 11.1 and C is the 
I-dimensional torus of nonzero scalar multiplications in V. 

12.2 Proposition. (V, G', S') is admissible (in the sense of 11.4). S' has three 
weights in V and GO = CG' has an open orbit in V whose complement con
tains a hypersurface. 

That S' has three weights in V follows from what was said in 11.1. It is 
then clear that (V, G', S') is admissible. Let N be the norm of Y', see 1.4. 
By 1.13, the orbit GO. e is open. Its complement contains the set of all 
points where N vanishes (by 1.5). This implies the last statement. 

The results of § 11 can now be invoked to give the classification of 
strongly simple J-structures. But before doing this we first establish 
some general facts, which we shall need. For N, (J and invariant bilinear 
forms see § 1. 

12.3 Proposition. Let yo = (V, j, e) be a strongly simple J-structure. 
(i) The norm N of yo is a irreducible polynomial function; 

(ii) The standard symmetric bilinear form (J is nondegenerate, every in
variant bilinear form on V x V is a multiple of (J ; 
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(iii) The structure group G of g is the group of all nonsingular linear trans
formations of V which leave the norm N invariant up to a nonzero scalar 
factor; 
(iv) j is uniquely determined by Nand e. 

Let B be a nonzero invariant form on V x V, in the sense of 1.22. Such a 
form exists by 1.24. Put R={XEVIB(x, V)=O}. Clearly R is a GO-stable 
subspace of V. g being strongly simple, we must have R = {O}. Hence B 
is nondegenerate. If Bl is another invariant bilinear form there exists 
aEK such that Bl -aB is degenerate, hence Bl =aB. 

Next let F be an irreducible factor of N, assume that F(e)= 1. Let B 
be as in 1.24, it is nondegenerate by what we just established. Let 
(eik~i:;in be a basis of V, let (e;) be the dual basis with respect to B (i.e. 
B(ei' ej) = bij}. It then follows from § 1, (14) and § 1, (21) that 

n 

jx= LF(x)-l(dF)x(eJe;, 
i=l 

if x is invertible. But this shows that the denominator N ofj must divide F, 
which can only be if F = N. This establishes (i). 

If we take F = N in 1.24, we see from § 1, (11) that the form B is just 
the standard bilinear form a. (ii) now follows from what was already 
established. 

Let gEG. 1.5 shows that there exists aEK* such that 

(1) N(gx)=aN(x) (XEV). 

Conversely, suppose that gEGL(V) satisfies (1). Denote by (g,)-l the 
transposed of g with respect to the non degenerate symmetric bilinear 
form a. It follows from § 1, (11) that we have 

aV(g x), g y}=N (gx)-l(dN)gx(g y), 

which equals aU x, y), as follows from (1). Hence 

a(g')-l j(g x), y}=a(jx, y), 

if x is invertible, for all yE V. The nondegeneracy of a shows that g is in 
the structure group G of S. This proves (iii). 

By 1.18, Nand e determine a. (iv) now follows from § 1, (11) and the 
nondegeneracy of a. 

12.4 Corollary. Let g be as in 12.3, let g H g' be the standard automorphism 
of the structure group G. 
(i) For any rational character c ofG we have c(g')=C(g)-l; 
(ii) The semi-invariants of g are the scalar multiples of the powers of N; 
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(iii) The complement of GO . e contains only one irreducible hypersurface, 
namely H = {XE VIN(x)=O}. 

(Semi-invariants were defined in § 1, just before 1.13.) We may assume 
dim V> 1 (otherwise the assertions are trivial). Let GO = CG', with G' 
semisimple, C being the torus of scalar multiplications (see 12.2). Let 
gEG', hEC. Since the semisimple group G' equals its commutator group, 
we have c(gh)=c(h), for any rational character c. The definition of the 
standard automorphism (see 1.3) shows that h'=h- 1 . Hence c{(gh)')= 
c(h')=c(h)-l =c(g h)-l, proving (i). 

Let F be a semi-invariant of Y'. As in the proof of 1.12 one sees that the 
irreducible factors of F are also semi-invariants. So we may assume F 
to be irreducible, we may also assume that F(e) = 1. 

Let c be the rational character of G defined by §1, (12). Then c(g)= 
F(ge) and F(j(ge))=F(g'.e)=c(g')=F(ge)-t, by (i). Hence FUx)= 
F(X)-l if x is invertible. It follows that F divides a power of N, hence 
F = N by 12.3 (i). This establishes (ii). 

The complement S = V-GO. e is closed in V, hence a union of irre
ducible closed sets. The connected linear algebraic group GO permutes 
the (finitely many) irreducible components of S, hence stabilizes each of 
them. Let H c:.S be an irreducible hypersurface, it is an irreducible com
ponent of S. We have that GO. H = H. There exists an irreducible poly
nomial function F such that H = {XE VIF(x) =O}, which is unique up to 
nonzero scalars. It follows that F is a semi-invariant of Y', hence by (ii) 
F is a scalar multiple of N, which proves (iii). 

We can now prove that a strongly simple l-structure is completely 
determined by the action of its structure group. 

12.5 Theorem. Let 9' =(V,j, e) and 9" =(V',j', e') be two strongly simple 
l-structures, with structure groups G and G', respectively. Let 4> be a linear 
isomorphism of V onto V', such that g H 4> ° g ° 4> -1 induces an isomorphism 
of GO onto (G')O. Then 9' and 9" are isomorphic. 

Let 4> e= f Since the GO-orbit of e in V is open by 1.13, it follows that 
(G')O -f is open in V'. Hence f lies in the unique open orbit (G')O . e' of 
(G')O in V'. Let hE G' be such that h f = e'. Replacing 4> by h ° 4>, we are in 
the situation that we have 4> e = e'. 

Let Nand N' denote the norms of 9' and 9". From 12.4(iii) we 
conclude that there exists aEK* such that N' (4) x) =aN(x) (XE V). More
over, from 4> e = e' it follows that a = 1. But then 1.18 implies that, a and 
a' denoting the standard symmetric bilinear forms, 

a' (4) x, 4> y)=a(x, y). 

By 12.3 (ii) a and a' are nondegenerate. Now § 1, (11) implies thatj' ° 4> = 

4> oj, which shows that 4> is an isomorphism of l-structures. 
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12.6 Classification of strongly simple J-structures. We now come to the 
main object of this section, viz. the classification of strongly simple 
J -structures. 

We list below the special J-structures introduced in §2 and §5, 
together with the dimension n of their underlying vector space and the 
degree d of their norm (see §2 and §5). In the last column we have in
dicated when the corresponding J-structure is strongly simple. These 
results follow from what was established in 3.8 and just before 5.15. 

I-structure 

.A, 

.<;: 
d, 
(!)2 ,(char K 9= 2) 
(!);:,(char K = 2) 
8 3 

n 

r2 

tr(r+l) 
r(2r-l) 
r 

2r 
27 

d 

2 
2 
3 

Strongly simple 

r;;;;1 
r;;;;l, char(K)9=2 
r;;;;1 
r;;;; 3 
r;;;;2 
yes 

The next theorem shows that these are all the strongly simple J-structures. 

12.7 Theorem. Let !/ be a strongly simple J-structure. 
(i) If char(K) =l= 2, then !/ is isomorphic to one of the J -structures Ar (r ~ 1), 
Y,: (r ~ 2), d r (r ~ 3), (!)2. r (r ~ 5), is' 3; 

(ii) Ifchar(K) =2, then!/ is isomorphic to one of the J-structures Ar (r~ 1), 
d r (r~3), (!)~.r (r~3), is'3; 
(iii) No two of the J -structures listed in (i) and (ii), respectively, are iso
morphic. 

First observe that (iii) is a consequence of the fact that the J-structures 
listed in (i) and (ii) can be distinguished by the values of nand d. Also 
observe the following isomorphisms: 

Al ~g;:, Al ~dl' 

(1)2.3~9i, (!)2.4~A2' (!)2.6~d2 (ifchar(KH=2), 

(1)~.2~A2' (1)~.3~d2' (ifchar(K)=2). 

The first isomorphisms are trivial, the others follows from the dis
cussion of 5.1 (taking into account the properties of .412 , .912 ,92, dis
cussed in §2). It follows that all strongly simple J-structures listed in 12.6 
occur among the ones listed in 12.7(i) and (ii). 

If dim V = 1, we know by 2.19 that !/ is isomorphic to AI' So assume 
now dim V> 1. We use the notations introduced just before 12.2. It 
follows from 12.2 that 11.20 is applicable, so that we have the possi
bilities of 11.20 for G' and V. 
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We now determine, for each of the l-structures listed in (i) and (ii) 
the corresponding case of 11.20. First let f/=(!JZ.r (char(K)=F2, r~2). 
From 2.18 it follows that we have G' =~«)r. But then we must have 
case (d) or (e) of 11.20, these being the only ones where a group ~«)r 
occurs. Similarly, if char(K) = 2, and if f/ = (!J; " we have case (d) of 11.20. 

Next a consideration of dimensions sho~s that $3 corresponds to 
case (1) of 11.20 (which is the only one where the dimension 27 arises). 

It remains to identify .;/In g;. and dr. This can be done by distinguishing 
them by comparing the different values of nand d. Comparing with the 
results of 11.20, taking into account the isomorphisms in low dimensions 
stated above, one concludes that.;/lr corresponds to case (a), g;. (char(K) =l= 2, 
r~2) to case (b) and d r (r~3) to case (c) of 11.20. But now we see that all 
cases listed in 11.20 come from l-structures. 

Moreover 12.5 shows that to each case there corresponds only one 
strongly simple l-structure (up to isomorphism). This implies that (i) 
and (ii) give all strongly simple l-structures if char(K)=F2 or char(K)=2, 
respecti vel y. 

12.1 shows that the preceding theorem gives the full classification 
of simple l-structures if char(K)=l=2. By what was remarked in the first 
paragraph of 9.8 we then also obtain the classification of simple 10rdan 
algebras if char(K) =l= 2. In characteristic 2 we still have to deal with simple 
but not strongly simple l-structures. This will be done in the next section 
(it will be seen that such l-structures are those of types g;. and (!J~,,). 

12.8 Simple associative algebras. As another application of the results 
of Section 11, we shall indicate how to obtain Wedderburn's theorem on 
the structure of simple associative algebras, over the algebraically closed 
field K. 

Let A be a finite dimensional associative algebra over K, with identity 
element. Recall that A is said to be simple, if {O} is the only proper 
two sided ideal in A. 

12.9 Theorem. Let A be a simple associative algebra. Then A is isomorphic 
to a matrix algebra Mr. 

We may assume that dim A > 1, otherwise the assertion is trivial. Let 
f(A) be the l-structure defined by A (see 2.1). Denote by A* the group of 
invertible elements of A. A * is a connected linear algebraic group. Let 
He GL(A) be the group of linear transformations of the form x f-4 a x b- 1 

(a, bEA*), this is a connected linear algebraic group. 
If I is an H-stable subspace of A, then A* lA*el, hence AlAel, 

so that I is a twosided ideal. The simplicity of A now implies that H acts 
irreducibly in A. Since we know by 2.1 that H is contained in the structure 
group of f(A), it follows that f(A) is strongly simple, hence isomorphic 
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to one of the J-structures of 12.7. However we shall not apply 12.7 here, 
but use instead the results of Section 11 directly. We only use the strong 
simplicity of /(A) to obtain the existence of a primitive idempotent 
a =l= e in A (of course, this can also be deduced directly from the simplicity 
of the associative algebra A). 

Let Sa be the I-dimensional torus of 10.2. Using 2.2 one sees that 
Sa c H. Let H', S' be the identity components of the intersections of H 
and S with SL(A), respectively. It follows as in 12.2 that (A, H', S') is an 
admissible triple in the sense of 11.4. Moreover, H' is not quasi-simple, 
and H has an open orbit in A whose complement contains a hyper
surface. It follows that we must be in case (a) of 11.20. 

Hence there exists a linear isomorphism ¢ : A ~ Mr and isomorphisms 
of linear algebraic groups t/J;: A*~<GILr (i=l, 2) such that ¢(e)=e and 
that 

(a, bEA*, xEA). 

Putting x=b=e, we obtain t/Jl(a)=¢(a), likewise t/J2(a)=¢(a).1t follows 
that ¢ is an isomorphism of A onto Mr. 

Notes 

Using §6 one obtains from 12.7 Albert's classification of simple Jordan algebras over an 
algebraically closed field of characteristic '*' 2. We leave it to the reader to work out the 
details. For a treatment of this subject which is more elementary than the one given here 
see [8, X] or [14, Chapter V]. We shall discuss the case of an arbitrary groundfield in § 15. 
I! would be interesting to have a group theoretical determination of simple Artin rings, in 
the manner of 12.9. 
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In this section we shall complete the determination of the simple l-struc
tures by determining the simple ones which are not strongly simple. 
Y'=(v,j, e) denotes a l-structure, with structure group G. First we 
establish some results about GO-stable subspaces of V. 

13.1 Lemma. Let WE V be a GO-stable subspace of V. 
(i) We have P(W, W) V c W, P(V) We W; 

(ii) W'={wEWIP(w) VEW} is an ideal of Y'. 

That P(V) We W is established as in the proof of 9.7. If WI' W2 E W, 
gEG then 1.16(i) and §3, (10) imply that 

P(wl , W2)(g e)=(g,)-I P(g' . WI' g' . W2 ) e=(g')-I P(g' . WI' e) g' . W2 

(g H g' denoting the standard automorphism). From P(V) We W it 
follows that P(V, V) We W The preceding formula then shows that 
P(W, W)(Go. e)c W, whence P(W, W) V c W(using 1.13). 

To prove (ii), first notice that (i) implies that W' is a subspace of W 
By 9.6 it suffices to show that P(V) W' c W' and P(W') V c W'. Let 
VE V, WE W'. Then we have by §3, (6) 

P(P(v) w) V =P(v) P(w) P(v) V cP(V) We W 
and 

p(P(W) v) V = P(w) P(v) P(w) V c P(w) P(v) We W, 

establishing the required results. 
Now assume that Y' is simple, but not strongly simple. It follows 

from 9.7(ii) that we must have char(K) = 2. 

13.2 Lemma. Let We V be a proper nonzero subspace which is GO-stable. 
(i) If WEW, P(w) VC W then w=O; 
(ii) No primitive idempotent of Y' is contained in W 

(i) is a consequence of 13.1 (ii). (ii) follows from (i) if one bears in mind 
that if a is a primitive idempotent we have P(a) V = K a, by 10.3 (ii) and 
10.21. 

We next deal with a particular case. 
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13.3 Proposition. Let Y be simple with dim V> 1. Assume that there exists 
a nonzero XEV such that GO(Kx)=Kx. Then the degree of Y is 2 and Y 
is a J-structure defined by a nondegenerate, defective quadratic form. 

The J-structure defined by a quadratic form Q was introduced in §2. 
Recall that Q is said to be defective if the associated bilinear form 
Q ( , ) is degenerate. 

Let x be as stated. Then 1.16(i) shows that P(x) V is a GO-stable 
subspace. Moreover P(P(x) V) V c P(x) V. 9.7 (i) now shows that P(x) V 
is an ideal. If it were the zero ideal, we had (g X)2 = P(g x) e = 0 for all 
gEG and x was a radical element of Y (see 9.10). Since x =1=0 this contra
dicts the semi simplicity of !/. Consequently we have P(x) V = V, hence 
P(x) is invertible. 

Assume that S E GO is a torus. There exists a character a of S such that 
sx=sa x (SES). 

Let y be a nonzero weight vector for S in V, with weight b. 
From 1.16(i) it follows that 

s(P(x) y)=s2a-b(p(x) y). 

Since P(x) y =1= 0 we see that 2 a - b is also a weight of S in V. 
N ow let a1 , ... , ah be a set of mutually orthogonal idempotents 

with sum e. Applying the preceding remark to the torus 

S={P(t1a1+ ... +thah)ltiEK*} 

of 10.26 (iii) we conclude from the form of the weights of S in V (see 10.27) 
that we must have h ~ 2. 

Let d be the degree of the norm N. Choose aE V such that it has the 
property of 8.3 and that none of its powers is 0 or e (using 8.3 and 9.17 
one sees that the set of these a is open and nonempty). 

Let a=as+an be the Jordan decomposition of 8.9. We can write 
as as a linear combination of primitive idempotents (by 9.14 and 10.19) 
and the number of these is 2, by what we established in a preceding 
paragraph. Our choice of a now shows that there is a primitive idempotent 
b such that e - b is also a primitive idempotent and that as EK b + K (e - b). 

b is a linear combination of powers of as> hence also of powers of a 
(by 8.9). It then follows from § 3, (20) that P(b, e) an = 0, whence an E K b + 
K(e-b), by 1O.3(ii) and 10.21. This implies that an=O. Applying 10.29 
we obtain that d = 2. 

Then we have seen in 5.1 that Y is a J-structure defined by a quadratic 
form. Since Y is simple, it follows from 9.11 that the quadratic form must 
be nondegenerate. What was said in 3.8 then implies that the form is 
defective. 

Let again Y be simple but not strongly simple. Assume that W =1= V 
is a maximal GO-stable subspace. Then GO acts irreducibly in V/Wand 
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W *' {O}. Let a be a primitive idempotent of ff. By 13.2(ii) we know that 
a¢ W. Let Sa be the 2-dimensionaItorusdefined in lO.l,let V = y"El) y,,' El) v,,-a 
be the Peirce decomposition defined by a. 

The following lemma, which is proved by using the results of sec
tion 11, contains the crucial step in the classification. 

13.4 Lemma. Assume that W does not contain a GO-stable subspace of 
dimension 1. Then y"'cw. If dim VjW=r, we have dim W~tr(r-l). 

Let ~ c W be a nonzero GO-stable subspace of W in which GO acts 
irreducibly. We have dim ~ > 1. Let U be the unipotent radical of GO, 
put H = GO jU. Denote by S the canonical image of Sa in H. H acts irreduc
ibly in VjWand ~,moreover S has at most 3 weights in the first representa
tion and at most 2 in the second one. 

In fact, the weight vector a of Sa determines a weight vector for S 
with multiplicity 1 in VjW and the corresponding weight of S cannot 
occur in ~. 

H being reductive, there exist quasi-simple linear algebraic groups 
HI' ... ,H., a torus A and a central isogeny 

11:: H'=HI x ... x Hsx A-+H. 

Let p and a denote the irreducible representations of H' in VjW 
and U'i, obtained by composing with 11: the corresponding representations 
of H. If dim VjW = 1 we must have Y,,' c Wand the lemma is proved. 

If dim VjW> 1 then S has at least 2 distinct weights in Vjw, hence S 
cannot be a central torus of H. It follows that S has 2 distinct weights in 
U'i (if not, all elements of GO had to act as scalar multiplications in U'i, 
and V had a GO-stable subspace of dimension 1). 

11.6 and 11.7 now imply that we may assume there exists a I-dimen
sional torus SI in HI such that a(S)=K*· a(SI x {I}), so that S comes 
from the quasi-simple group HI' But it then follows from 11.7 that p is 
trivial on {I} x H2 x ... x Hs x A. 

Identify HI with a subgroup of H'. Then (Vjw, p(HI ), P(SI)) is an 
admissible triple in case 1 with a weight vector of multiplicity 1, or in 
case 2 (in the sense of 11.4). Also, there is a decomposition U'i = W; @ ~' 
and an irreducible representation a' of HI in W; such that (W;, a' (HI)' a'(SI)) 
i<; an admissible triple in case 1. Moreover, p and a' are inequivalent 
irreducible representations of HI, since they behave differently on SI' 

We now have the following situation: H1 is a quasi-simple linear 
algebraic group, S I a I-dimensional torus in HI' P and a' two irreducible 
representations of HI in the spaces VjWand W;, respectively, such that 
(Vjw, p(HI ), P(SI)) is admissible in case 1 or 2 and that (~, a' (HI)' a'(SI)) 
is admissible in case 1. Moreover, if (Vjw, p(HI ), P(SI)) is in case 2, the 
2 weights of SI in W; occur among the 3 weights of SI in Vjw. We shall 
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apply the classification of admissible triples given in Section 11 to 
discuss this situation. 

As in 11.5, let T be a maximal torus of H1 containing S1 and choose 
compatible ordenings on the character groups X(T) and X(S1)' We use 
the notations of 11.16. From what we established there, it follows that 
the cases which arise can be described as follows. 

Denote by wand w' the highest weights of the first and second 
representations (p and a', respectively). The situation (B) of 11.14 cannot 
occur if the representation p is in case 2, hence there is a simple root cx 
such that S1 =Sa (notation of 11.14(i)). 
(a) S1 has 3 weights in V/Wand 2 in ~. 
The cases are the following. 
Type AI: CX=CX2 ,W=W2 ,w' =W1 or WI' 

CX=CXI_lo W=WI_1, W' =W1 or WI' 

CX=CX1 ,w=2w1 , w'=wj (l<j<I), 

CX=CXI ,w=2wl , w'=Wj (l<j<l). 

Type BI: CX=CX1 ,W=W1 ,w' =WI' 

Type DI: CX=CX1 ,W=W1 ,w' =WI _ 1 • 

(From the discussion of 11.16 we also obtain some extra possibilities for 
types D4 and Ds. However those in case D4 lead to the transforms of 
the previous case by one of the outer automorphism of a group of type D 4, 

so do not lead to anything new. From the discussion in 11.17 it follows 
that the extra cases in type Ds are impossible ) 

The last 2 possibilities in type Al can be ruled out, since in charac
teristic 2 the torus S1 has only 2 weights in the irreducible representations 
with highest weight 2 W 1 and 2 WI (see the discussion in 11.17). 

The cases of types BI and DI are also impossible: in that case S1 has a 
zero weight in the representation p, with multiplicity > 1 (see 11.17), 
whereas a' is a spin representation, where a weight 0 does not occur. 
It is also easily seen th'at it suffices to deal with the first case in type AI: cx = 

CX2, W = W2, W' = W1 or WI' We shall show that this case is impossible. 
The map Wx V~Vwith (W,V)HP(W)V defines (using 13.1(i)) a map 

F: ~ x V/W ~ V/W which is biadditive and linear in its second variable. 
Moreover F(ax,y)=a2 F(x,y) (aEK). From 13.2(i) we see that F=l=O. 

The standard automorphism of G induces an automorphism h H h' 
of H1 and from 1.16(i) we see that 

F(a(h) x, p(h') y)= p(h) F(x, y) (XE~, yE V/W, hEH1)' 

Let a[2) be the transform of a by the Frobenius automorphism, let p' be 
the representation h H P (h') of H1 • The last formula then shows that p is 
a quotient representation of the tensor product a[2) ® p'. In the case we are 
dealing with, a consideration of the weights of T in the various representa-
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tions shows that this is impossible. So we conclude that case (a) cannot 
occur. Hence we must have the other case: 
(b) Sl has 2 weights in V/Wand 2 in ~. 

One possibility is the one we already mentioned in (a): 

In that case we do indeed have J-;.' = W Moreover a comparison of 
weights of 2 IDI and IDj (using the results of 11.17) shows that the only 
possibility isj =2 (resp.j = I-I). The representation in V/Whas dimension 
r = I + 1, that in ~ is the second exterior power representation, of dimen
sion tr(r-l). This establishes the assertion in that case. 

There might be another possibility in type AI: a = aI' ID=IDI' ID' =IDj 

(1 <j < I). However the discussion of 11.17 shows that then the representa
tion in V/W and ~ have no common weight, hence this case is impossible. 
This concludes the proof of 13.4. 

We can now determine the simple l-structures which are not strongly 
simple. 

13.5 Theorem. Suppose that g is simple but not strongly simple. Then 
char(K)=2 and g is isomorphic to (9~,r (r~2) or fI',. (r~3). 

We have already observed that K must have characteristic 2. If V contains 
a I-dimensional GO-stable subspace then either dim V = 1 (which is 
impossible) or g is isomorphic to (9~,r by 13.3. So we may assume that 
we are in the situation discussed in 13.4 and we have to prove that g is 
isomorphic to fI',. (r~3). 

Let W be as in 13.4. Let aI' ... , ar be a set of mutually orthogonal 
primitive idempotents of g with sum e. Denote by S c GO the r-dimen
sional torus consisting of the linear transformations P(t l al + ... + tr ar) 
(tiE K*), let V = EEl v.t be the decomposition given in 10.27. 

We have V.s=Kas by 10.21, moreover 13.4 shows that v.tC W(s=l=t), 
hence V/W is spanned by the images of the as (observe that by 13.2(ii) 
no as lies in W). Let VE v.t (s =l= t), WE ~I' By considering the action of S 
one sees that P(V)WEW, unless l{1= v's or V;t and that P(v)as=Qs(v)at, 
where Qs is a quadratic form on v.t. 

By § 3, (6) it follows that 

from which it follows that Qs(v)=Qt(v) (VEV.t). This implies that 
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13.2 (i) then shows that Qs(v)=O implies v =0, which gives that dim v.t ~l. 
Since dimW~tr(r-1)by 13.4, we must have dimV.t=1, dimW=tr(r-1). 

Let ast be a nonzero element in v.t with a;t = as + at· Put ass = as. 
We define a linear isomorphism ¢ of V onto the space ~r of symmetric 
r x r matrices by 

r 

¢( L Cst ast)= L Css ess + L cst(est+ets), 
l~s;;;t~r 5=1 l~s<t~r 

where (est) is the canonical basis of the matrix algebra 1Mr • 

We shall prove that ¢ is an isomorphism of l-structures of g onto.7,.. 
It is clear that ¢(e) is the unit matrix. Using 1.16(iii) one sees then that ¢ 
will be an isomorphism if we have the following relation for the quadratic 
maps of g and .7,.: 

(1) ¢oPy(x)=Pg;.{¢(x))o¢ (XE V). 

To prove (1) we determine the elements P(ast) akl and P(ast , akl) amn 

and we show that their values are consonant with (1). By considering the 
action of the torus S one sees that the nonzero elements of this form 
occur among the following ones: 

P(ast) as!> P(ast) asS' P(ast , ask) ast ' P(ast> ak1) ast ' P(ast , ak1) ask 

(that the others are ° is in accordance with (1)). 
We shall prove, as an example of the determination of the above 

elements, the following formulas: 

(a) 

(b) 

(c) 

P(ast)ass=att (S=F t), 

P(ast) ast = ast (s =F t), 

P(ast , ask) ast = ask (s, t, k distinct). 

The proof of these formulas will show how to proceed, and the reader 
will have no difficulty in completing the argument. 

First remark that, by using the action of S, one sees that the formulas 
to be proved are true op to a scalar factor. Since a;t = as + at> we have 
P(ast) e=P(ast)(as+at)=as+at> whence (a). 

Let P(ast)ast=casr- We have 

c2 (as + at) = P{P(ast) ast ) e = P(ast)3 e = P(ast)3 (as + at) = as + at> 

by (a), hence c=l. This proves (b). 
Put P(asp ask) ast =c ask. Applying §3, (7) with x =ast> y=ask ' z=ast> 

we obtain 
c2 P(ask) + P{P(ast) ast , P(ask) ast ) = P(ast? P(ask) 

+ P(ask) P(ast)2 + P(asp ask) P(ast) P(ast , ask)· 
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Inserting the values of a;k and a;t and using (a), we see that 

c2 (as+ak)= as+ ak + P(ast , ask) P(ast) P(asn ask) e. 

Now the third term in the right-hand side lies in W, whence we conclude 
that it must be O. It follows that c = 1. 

13.6 Theorem. (i) A simple J-structure is isomorphic to one of the J-struc
tures .;/IT (r~l), !/',. (r~2), Silr (r~3), C3 , lD2 ,r (char(K)=I=2, r~5), lD2,r 

(char(K)=2, r~3), (9'2,r (char(K)=2, r~2). 
(ii) No two of the J -structures listed in (i) are isomorphic. 

(i) follows from 13.5 and 12.7. The proof of (ii) is like that of 12.7 (iii). 

13.7 Corollary. Let char(K)=2. Let g be a simple J-structure. Then g 
is separable. 

This follows from 13.6 and 7.9. 
We now discuss some characterizations of simple and strongly 

simple J-structures, which are consequences ofthe classification theorems. 
We denote by Nand (J the norm and standard symmetric bilinear form 
of the J-structure !f. 

13.8 Proposition. (i) g is simple if and only if N is a nondegenerate 
irreducible polynomial function; 
(ii) g is strongly simple if and only if g is simple and (J is nondegenerate. 

If g is simple, then the classification theorem 13.6 together with the 
determination of norms in § 2 and § 5, shows that N is nondegenerate and 
irreducible. 

Assume that g is not simple, let I =l= V be a nonzero ideal. Denote 
by J a complementary subspace of I in V. Put j x = jl X + jz x, where 
jl(X)El, jz(X)EJ(X invertible).jl andj2 are rational maps of V into I, J 
respectively. 

The definition of ideals (see 1.3) shows that j2 (x + y) = jz (x) if x is 
invertible and yE I. Let N; be a denominator of j; (i = 1,2). The polynomial 
functions N; are divisors of N. We have N2 (x+ y)=N2 (x) (XE V, YEI). 
If N is irreducible we must have N2 =cN, but then N is degenerate. 
It follows that if g is not simple, N is degenerate or reducible. This 
concludes the proof of (i). 

If g is simple but not strongly simple, then 13.5 and the results of §2 
show that (J is degenerate. (ii) now follows from (i), using 3.7. 
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13.9 Proposition. fI' is a direct sum of strongly simple J-structures if 
and only if (J is nondegenerate. 

If fI' is a direct sum of strongly simple J-structures then it follows from 
13.8 (ii) that (J is nondegenerate. 

Conversely, if (J is nondegenerate, the definition of (J (see 1.11) shows 
that N must be nondegenerate. Then 9.11 shows that fI' is semisimple, 
hence a direct sum of simple J-structures by 10.22. By what was said in 
1.25, each of these has a nondegenerate standard symmetric bilinear 
form, hence is strongly simple by 13.8 (ii). 

13.10 Corollary. If char(K) =1= 2, then fI' is semisimple if and only if (J is 
nondegenerate. 

If char(K)=I=2, simplicity and strong simplicity coincide. 13.10 now 
follows from 13.9 and 10.22. 

Notes 

The classification of simple J-structures given in 13.6 is closely related to the classification 
of simple quadratic Jordan algebras over an algebraically closed field, which is given in 
[15, p. 3.61]. Using 7.l0(i) one sees that the latter result implies 13.6. Conversely, by 7.l0(ii) 
we have that 13.6 is equivalent to the determination of the separable simple quadratic 
Jordan algebras. A posteriori, it follows from the classification that all simple quadratic 
Jordan algebras are separable. If a direct proof of this fact were available then 13.6 could 
be considered to be equivalent to the classification of simple quadratic Jordan algebras. 



§ 14. The Structure Group of a Simple J-structure 
and the Related Lie Algebras 

In this section we discuss in detail the structure groups of the various 
simple J-structures of the preceding sections. We also investigate the 
various Lie algebras introduced in §4. Before doing so we establish some 
auxiliary results about root systems and derivations of Lie algebras. 
Throughout, p denotes the characteristic of K. 

14.1 A lemma on root systems. Let R be a finite dimensional vector space 
over JR, let 1: be a root system in V, in the sense of [7, p. 142], with Weyl 
group W Let (I) be a positive definite W-invariant scalar product in 
R x R. If tX E 1: we denote by Sa the reflection in R defined by tx. Let ,1 c 1: 
be a set of linearly independent roots. 

We attach to ,1 a graph r(,1) as follows. The vertices of r(,1) are the 
elements of ,1; if tx, {J E ,1 then {tx, {J} is an edge of r( ,1) if and only if Sa and 
sp do not commute. Moreover let f be the map of the set of edges of r(,1) 
into 7L defined by the following rule. Let {tx, {J} be an edge, let maP be the 
order of Sa sp, let Cap = - sgn (tx I f3). Then 

Notice that f is independent of the choice of the scalar product. 
We call the pair (r(,1),f) the Coxeter graph defined by ,1. If ,1 is a 

basis of 1:, then (r(,1),f) is isomorphic to the Coxeter graph defined by 1:, 
introduced in [7, p. 189]. We need the following converse. 

14.2 Lemma. Assume that (r(,1),f) is isomorphic to the Coxeter graph 
of 1:. Then ,1 is a basis of 1:. 

Let s={xERI(xlx)=l}, let J1 be a nonzero measure on the sphere S 
which is invariant under all linear isometries of R (with respect to the 
scalar product). Let C be a chamber in R relative to W, in the sense of 
[7, p. 73], let C be its closure in R. Then F= C.nS is a fundamental 
domain in S for the action of Won S (as follows from [loc.cit., Tbeoreme 2, 
p. 75]), from which one concludes that J1(S) = J1(F) I WI (I WI denotes the 
order of W). 
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Let ~ be the subgroup of W generated by the reflections Sa with 
ocEA. Let D= {xERI(xloc»O for all ocEA}. Clearly D contains a chamber 
C1 of V relative to ~. Put DnS=G, (;1 nS=F1 • From the assumption 
that (r(A),f) is isomorphic to the Coxeter graph defined by 1: it follows 
that there exists an isometry t of R with t(C)=D, whence t(G)=F. Hence 
J1(F) = J1(G), consequently J1(Fl)~J1(F). 
Since 

we find that W=~, F=F1, C= C1 • This implies our assertion. 

14.3 Some results on derivations of Lie algebras. Let G be a reductive 
linear algebraic group, let T be a maximal torus of G. Let 1: be the root 
system of G with respect to T. Denote by X the character group of T and 
by Y the subgroup of X generated by 1:. We denote by L(G), L(T), .. , the 
Lie algebras of G, T, .... 

Our aim is to prove a result about derivations of L(G) (viz. 14.5). We 
need an auxiliary result about tori, which we first establish. If a is a 
character of a torus S, then da denotes its differential, which is a linear 
function on L(S). 

14.4 Lemma. Let S be a torus with character group Z. Let ZI be a sub
group ofZ such that Z/ZI has no p-torsion ifp>O. Let U = n Ker a. Then 
U is an algebraic subgroup of S with Lie algebra aeZ\ 

L(U)= n Ker (da). 
aeZI 

That U is an algebraic subgroup is clear. Let 

be a sequence of subgroups of ZI such that ZjZi+l is cyclic. Clearly Z/Zi 
has no p-torsion. Let U; = n Ker a. Then 

aeZi 

We use induction on k. Suppose k> 1 and that the assertion has 
already been established for smaller values of k. Then we may assume 

where ak is a suitable generator of Uk' The induction assumption, applied 
to the identity component of Uk (which is a torus) then establishes the 
result. 
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Hence we are reduced to proving the statement in the case k = 1. Let 
a be a generator of ZI. The absence of p-torsion in Z/ZI implies that the 
differential da is a nonzero linear function on L(S). Its kernel clearly 
contains L(U). Since dimL(U)=dim U=dimS-1=dimKer(da), we 
have L(U) = Ker(da). 

Let now G, T, X, Y be as stated in 14.3. Let C be the center of G. 

14.5 Proposition. Assume the following: 
(i) X/Y has no p-torsion (if p>O); 
(ii) If P = 2 then 1: has no simple component of type AI; 

(iii) If p = 2 then all simple components of 1: have equal root lengths (i.e. 
are of one of the types AI> DI> E6 , E7 , E8 ); 

(iv) If p = 3 then no simple component of 1: is of type G2 • 

Let D be a derivation ofL(G) which commutes with all Ad(t) (tE T). Then 
D is a sum of an inner derivation ofL(G) (i.e. of the form DX = [A, XJ with 
AEL(G)) and a derivation of L(G) into L( C). 

14.6 Corollary. If moreover C is finite then D is an inner derivation. 

14.6 is an immediate consequence of 14.5. We now prove 14.5. The adjoint 
action of T on L(G) can be diagonalized. There exist elements XaEL(G) 
such that we have a decomposition 

L(G)=L(T)Ef> U KXa, 
aEI 

(see [1, Theorem, p. 317-318J). 
If ex, PE1: then there exist elements NapEK such that 

[Xa XpJ =Nap Xa+P· 

We have Na p = 0 if ex + P ¢ 1:. Moreover the assumption (iii) and (iv) imply 
that Na p =t= 0 if (and only if) ex + P E 1:. In fact, if G is a semisimple adjoint 
group, this is a consequence of results of Chevalley ([9J, taking into 
account that in this case G is isomorphic to one of the groups studied by 
Chevalley). 

In the more general case considered here the result then also follows: 
first replace G by the derived group H of its identity component and then 
perform a central isogeny n: H --> HI onto an adjoint semisimple group. 
From the fact that dn is bijective on the Lie algebra of the unipotent radi
cal of a Borel subgroup one concludes, using that XaE L(H), that the 
NaP are not affected by such an isogeny, whence our contention about 
the Nap. 

Since D commutes with all Ad(t), it follows that D stabilizes the sub
spaces L(T) and KXa. Hence there exists a function c: 1: --> K such that 

(1) 
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The property of Na.p just mentioned then shows that 

(2) C(IX + f3) = C(IX) + c(f3) , 

if IX, f3, IX + f3 E L. 
If H EL(T) then 

Applying D to both sides of this formula and using (1) we find, using 
DL(T)cL(T), that 

(3) dlX(DH)=O, 

for IXEL and H EL(T). Since C is the intersection of the kernels of all 
IXEL, we find from assumption (i), using 14.4 that L(C) is the subspace 

L(C)= n Ker(dlX) 
a.el: 

of L(T). (3) shows that DL(T)cL(C). 
We next claim that, c being as in (1), we have 

(4) c( -IX)= -C(IX). 

First assume that IX lies in a simple component Ll of L which is not of 
type Al. Then there exists f3ELl such that 1X+f3ELl (choose an order on 
Ll such that IX> 0 and let B be the basis of Ll determined by that order, 
if IX E B then there is f3 E B such that IX + f3 E Ll , if IX¢ B there is - f3 E B such 
that IX + f3 E Ll)' (2) now shows that 

c(f3) =C(IX + f3)+ c( -IX) = C(IX) + c( -IX)+ c(f3), 

whence (4). 
If IX lies in a simple component of type Al we have p=t=2 by assumption 

(ii). Then [Xa. X-a.] =t=O and dlX([Xa. X_a.])=FO,asis well-known (and follows 
by a simple computation in the Lie algebra of ~IL2)' By (1) and (3) we 
find 

whence (4). 
Now fix a basis {1X1' ... , 1X,} of L. From 14.4 we see that L(C)cL(T) 

is the intersection of the kernels of the dlXi' We conclude that there is 
HEL(T) such that 

dlXi(H) = C(IX;). 

From (2) and (4) it then follows that 

dlX(H) =C(IX), 
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for allcxEL. Subtracting from D the inner derivation defined by H we get 
a derivation of L( G) into L( C). This establishes 14.5. 

14.7 Applications. We discuss a few cases where 14.5 applies. 
(a) G =lP<GILr (=<GILr modulo its center). In that case condition (i) of 
14.5 is satisfied. In fact we have X = Y (as in the case of any adjoint semi
simple group). The other conditions of 14.5 are also satisfied, except (ii) 
if p=2, r=2. 

Apart from that exceptional case, it follows from 14.6 that all deriva
tions of L(G) are inner. In the excepted case the statement is no longer 
true, as one checks without trouble. 
(b) p =l= 2 and G is a semisimple group of type B" C" D, or F4 • In that case 
we have that X/Y has at most 2-torsion, so that (i) holds. The other con
ditions of 14.5 are also satisfied. Since C is finite, 14.6 shows that all 
derivations of L(G) are inner. 
(c) Let H be a connected and simply connected quasi-simple group of 
type E6 • It is known (and we have already encountered this in 11.17) that 
H has a irreducible representation p in a 27-dimensional vector spaceA, 
and that p is an isomorphism of G onto its image. Let G be the algebraic 
subgroup of GL(A) generated by p(G) and the nonzero scalar multi
plications in A. G is reductive. 

We claim that we now have, with the notations of 14.5, that X/Y has 
no torsion. We indicate the proof. 

Let 1't be a maximal torus of H contained in T. Let Xl be the character 
group of 1't. The explicit information about Hand p which one finds in 
[10, p. 19-07 and p.20-05] shows that Xl is generated by 7 elements 
Xl' ... , X6 and s, subject to the relation 3 s = Xl + ... + X 6 . The subgroup 
Yt of Xl spanned by the roots of H with respect to 1't has index 3 in Xl' 
it is generated by the elements Xi-Xj' Xi+Xj+Xk-S (i,j, k distinct) and s. 
Xi + I; generates Xl/I;· 

One then establishes that X is isomorphic to the subgroup of Xl EB 7l 
generated by the elements (y,O) (yE Yt), (0,3) and (Xl' -1), and that Y 
corresponds under this isomorphism to the subgroup spanned by the 
(y, 0). The verification of these facts is left to the reader. It then follows 
that X/Y has no torsion. Consequently, all conditions of 14.5 hold, and 
any derivation of L(G) centralizing Ad(T) is sum of an inner one an a 
derivation of L( G) into L( C). 

14.8. After these somewhat lengthy preparations we return to the J-struc
tures. Let Y' =(V,j, e) be a simple J-structure. We denote by G its structure 
group and by Gl the inner structure group (see 1.19). H is the automor
phism group of Sand C the I-dimensional torus of nonzero scalar 
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multiplications of V, which is a subtorus of G1• L(A) denotes again the Lie 
algebra of the algebraic group A. 

9 and 91 denote the structure algebra and the inner structure algebra 
of S, respectively. These were introduced in §4. We have 

as was established in 4.4. G1 acts on 9 and 91' inducing trivial action on 
9/91 see 4.4(iii). We also have [9, 91J C91' If XE9, YE91 we put DxY= 
[X, Y]. Dx is a derivation of 91' 

We put HI =H n G], l)={XE9IX e=O}, l)1 =91 nl), as in §4 (imme
diately before 4.7). 
Then 

and l)1 is an ideal in l). 

14.9 Lemma. Let X E 9. If T is a maximal torus of G 1 there exists an inner 
derivation Dy (YE91) of 91 such Dx-Dy commutes with all linear trans
formations Ad(t) (tE T). The same statement is true if 9, G1 , 91 are replaced 
by l), HI, l)1 or, if l)1 C L(H), by l), HI, L(H). 

Since G1 acts trivially on 9/91' it follows from the complete reducibility 
of the action of T on 9 that there exists a T-stable subspace m of g with 
9 = 91 EB m, such that T acts trivially on nt. This implies the first statement. 
The others are proved similarly. 

14.10 Lemma. (i) Assume that 91' e has codimension d in V. Then 
dim L(G)-dim 91 =dim L(H)-dim £)1 +d; 
(ii) Assume that L( G) e has codimension d in V. Then dim 9 - dim L( G) = 
dim l)-dim L(H)-d. 

We have dim 91-diml)l=dim V-d=dimG-dimH-d=dimL(G)
dim L(H) - d (the second equality following from axiom (13) and 4.6). 
This implies (i). (ii) is proved similarly. 

14.11 Lemma. Assume that L(G)e= V. Then 

L(H) = {X EL(G)I X e=O} 

and we have l)1 c L(H). 

Let l)'={XEL(G)IXe=O}. Since He=e, it follows that L(H)El)'. We 
have 

dim G-dim H =dim V=dimL(G)-dim l)', 

whence dim I)' =dim H = dim L(H). This implies that L(H)=£)'. That 
l)1 c L(H) is now obvious. 
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14.12 Lemma. Let 9' be a arbitrary l-structure (not necessarily simple). 
Assume that the standard symmetric bilinear form a of 9' is nondegenerate. 
(i) IfaEV is such that a(91·e,a)=0 then P(a,e)=O; 
(ii) Ifp=t=2 then 91' e= V; 

(iii) If P = 2 and if 9' is simple then 91 . e has codimension 1 in V. 

91 . e contains the elements L(x, y)e (x, yE V, Y invertible), where L is as 
in §4, (4). Let gEG and apply this with y=ge. gH g' denoting the standard 
automorphism, it follows, using § 1, (10), 1.16(i) and §3, (10) that 

a (L(x, g e) e, a)= a (P(g e) e, p(x,j(g e») a) 

=a(g(g')-1 e, g' P((g')-1 x, e) g-1 a)=a(e, P(a, g e) x) 

=a(P(a, g e) e, x). 

(i) is a consequence of the equality of the first and last terms. If p =t= 2 
then P(a, e)=O implies a=O (see 10.30) and hence (i) implies (ii). 

If p=2 and if 9' is simple then 9' is also separable, see 13.7. Then 
10.32 implies that, a being as in (i), we have aEK e. (iii) now follows from 
the nondegeneracy of a. 

We next prove a general statement about G1 • 

14.13 Proposition. Assume that 9' is strongly simple. Then the inner struc
ture group G 1 of 9' coincides with the identity component GO of the structure 
group G. 

We know from 1.19 that G1 is a closed normal subgroup of GO, hence ofG. 
Moreover G1 contains the torus C of scalar multiplications. From the 
results of § 12 and 11.20 it follows that GO is the product of C and a quasi
simple group G', unless 9' is oftype vltr • Now G1 n G' is a nontrivial closed 
normal subgroup of G', which must be G' itself, unless 9' is of type vltr • 

To establish the same result if 9' = vltr observe that in that case G' is 
isogeneous to D = ~ILr x ~ILr' Then GIn G' determines a nontrivial 
closed normal subgroup Dl of D. From the explicit form ofthe quadratic 
map for vIt" given in 2.2 we see that Dl cannot be contained in one of the 
factors ~ILr of D. Hence we must have Dl = D and G1 n G' = G' in all 
cases. It follows that G1 = GO. 

14.14 Corollary. If 9' is strongly simple then H and HI have the same 
identity component. 

Remark. 14.13 could also have been deduced in the case by case discus
sion which is given below. In fact, this discussion even shows that 14.13 
holds for all simple l-structures. The cases not covered by 14.13 (p=2 
and 9' either (!)~,r or 9';:) are dealt with in 14.15 and 14.18. 

We shall now discuss separately the situation for the various simple 
l-structures. We begin with the l-structures defined by quadratic forms. 
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14.15. 5I'=/(v, Q, e). 
We use the notations of §2 (see 2.15 and the sequel). We assume that 
n=dim V~3, that the quadratic form Q is nondegenerate and that, with 
the notation of2.17, we have Qe=l=O. We know by 2.18 that G is the group 
of linear transformations gEGL(V) which leave invariant Q up to a 
nonzero factor. 

Let O(Q) be orthogonal group of Q. We put SO(Q)=O(Q) n SL(V) 
if p =1= 2. If p=2 and Q is nondefective (i.e. if the associated alternating 
bilinear form is nondegenerate), we denote by SO(Q) the rotation sub
group of O(Q) (see [12, p. 65]) and if p=2 and Q is defective we write 
SO(Q)=O(Q). We have G=O(Q)c. One knows that SO(Q) is a connected 
closed normal subgroup of 0 (Q), of index ~ 2. 51' is now isomorphic to 
one of the J-structures (92,,(char(K)=I=2, r~5), (9;..(char(K) = 2, r~3), 
(9{, ,(char(K)= 2, r ~ 2). 

It follows from 13.5 and 14.13 that Gl = SO(Q) C unless perhaps if 51' 
is isomorphic to (9{". But in that case we have, as in the proof of 14.13, 
that G is the product of C and a quasi-simple group (see [10, p.22-04 
and 22-05]), so that the argument of 14.13 can again be applied. It follows 
that G 1 = SO (Q) C in all cases. 

If p=l=2 then SO(Q) is the subgroup of O(Q) whose elements have 
determinant 1. Since 0 (Q) n C = {± id} we conclude that we have G = GO 
if n=dim V is odd and (G:GO)=2 if n is even. 

If p=2 then O(Q)nC={id}, whence (G:GO)=(O(Q):SO(Q)). IfQ is 
nondefective this index is 2 and if Q is defective the index is 1 (for then 
O(Q) is topologically isomorphic to a symplectic group, see [loco cit., 
p. 22-05]). Since Q is defective if and only if n is odd we obtain the same 
result as for p =1= 2. 

By 4.6, H is the subgroup of G whose elements fix e. Let p =1= 2. Then 
H is (topologically) isomorphic to 0 (Ql)' where Ql is the restriction of Q 
to the orthogonal complement of K e. Hence H is not connected and 
(H:HO)=2. 

If p = 2 and if Q is nondefective we find again that H is isomorphic 
to o (Ql), where Ql is a nondegenerate quadratic form in one dimension 
less. Since now O(Ql) is isomorphic to a symplectic group, it follows that 
H is connected. 

If p = 2 and Q is defective, one checks that H is isomorphic to the sub
groups of a symplectic group which fixes a nonzero vector, in its natural 
representation. Such a group is again connected. 

It also follows that HO is semisimple if n> 3, unless p = 2 and Q is 
defective (the verification of the last statement is left to the reader). 
Observe that dim G=-! n(n-l)+ 1, dim H =dim G-n=-!(n-l)(n-2). 

We next come to the discussion of the various Lie algebras in this 
case. The definition of 9 in §4 shows that it is the space of all linear 
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transformations X of V such that there exists a linear transformation Y 
with 

X x- Yx=Q(X)-l(Q(X, X x) x) (Q (x)+ 0), 

the notations being as in § 2. 
The right-hand side of the equality must clearly be a polynomial 

map of V into itself. Let F be the rational function on V defined by 

F(x)=Q(X)-l Q(x, X x) (Q(x)+O). 

If (e;)l~i~n is a basis of V then 
n 

(Xl' ... , Xn)~ L (F(Ej Xj e) Xi ei) 
i=l 

defines a polynomial map of Kn into V. 
It follows that the denominator of F divides all coordinate functions 

(Xl' •.. , xn)~ Xi' from which one concludes that F is a polynomial func
tion, which then must be a constant. Consequently, 9 is the space of all 
linear transformations X of V such that Q(x, X x) is a multiple of Q(x), 
which coincides with the space of all XEEnd(V) such that there exists 
aEK with 

(5) Q(x, X x)=aQ(x). 

First assume that the symmetric bilinear form Q ( , ) is nondegenerate. 
Let XEEnd(V) satisfy (5). Define matrices S=(sij) and T=(tij) by 

Sij=Q(ei' ej), tij=Q(X ei' ej) (1 ~ i,j~ n). 

X is uniquely determined by T. It follows that (5) is equivalent to the 
following properties of T 

(6) { tii=aQ(ei) 
T+tT=S. 

Let A=(ai) be a fixed matrix with aii=Q(e), A+tA=S. It follows 
from (6) that 

(7) T=aA+U, 

where U is an alternating matrix. Conversely, if T has the form (7) then 
(6) holds. It follows that 

dim 9 =~ n(n-l)+ 1 =dim G. 

Since L(G)cg this shows that 9=L(G). 
From §2, (12) we see that the nondegeneracy of Q(,) implies that the 

standard symmetric bilinear form u is nondegenerate. 14.12(ii) then 
shows that 91 . e= V if p =1= 2, whence L(G) e= V in that case. 



§ 14. The Structure Group of a Simple J-structure 145 

n 

We claim that L( G) e = V also if p = 2. Let e = L ai ei and assume that 
n i=l 

f = L bi ei is such that Q (X e, f) = 0 for all X E L( G). This means that 
i=l 

L ai bj tij=O 
i.j 

for all matrices T of the form (7). One easily concludes that all bj have to 
be 0, whence f =0. Consequently L(G) e= V. Now 14.l0(ii) implies that 
we also have £)=L(H). 

We next investigate 91' From §4, (4) and §2, (13) we see that 

L(x, y) z=P(x, z) y=Q(x, y) z+Q(z, y) x- Q(x, z) y. 

First let p =l= 2. Choose now (ei) to be an orthogonal basis of V for Q (i.e. 
such that Q(ei ej)=O if i=l=j), with ei= ±ei. This is possible. 

Then L(ei, ei) is a nonzero scalar multiple of the identity and the 
L(ei , e) with i <j are linearly independent elements of End(V). It follows 
that 

dim 91 =1 n(n-1)+ 1 =dim L(G), 

whence 91 =L(G)(=9). 14.1O(i) and 14.11 then imply that £)1 =L(H). 
If p=2 then n=2r is even. Let now (e;)bi52r be a symplectic basis of 

V for Q, i.e. such that - -

{o if li-jl=l=r 
(8) Q(ei' e)= 1 

if li-jl=r, 

with e=e1 +er (such a basis exists). A simple computation then shows 
that the L(e;, e) span a subspace of End(V) of dimension 1 n(n-1)= 
dim L(G)-l. Hence 91 has codimension 1 in 9. Since 91' e has co
dimension 1 in V by 14.12(iii) we conclude from 14.l0(i) and 14.11 that 
£)1 =L(H). 

There remains the case that Q(,) is degenerate, i.e. that p=2 and Q 
is defective. In that case n is odd. Let f span the space of vectors ortho
gonal to all of V. Since Q is nondegenerate we have QU)=l=O. Also e¢KJ 

Let X E End (V) satisfy (5). From (5) we find 

Q(Xf, x)=a Q(f, x)-Q(f, X x)=O, 

aQU)=Q(Xf,f)=O. 

Hence Xf is a multiple of f and a=O. 
Let I be a linear function on V. Then the linear transformation Xl of 

V defined by 

(9) Xl x=l(x)f 
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IS III g. Considering the nondegenerate alternating form induced by 
Q ( , ) on VI K I x VI K lone finds from the preceding remarks that 

dim g=~(n-l) (n-2)+n=dim G, 

so that we have again g=L(G). 
(5) implies that Q(X e, e) =0 for all X Eg. Since e¢KI this shows that 

L(G) e=l= V. 14.10(ii) now implies that 9 =l=L(H). Hence H is not smooth 
(in the sense of 4.9). 

We finally discuss gl and 91 in this case. Let (ei)O:Si:S2, be a basis of V 
such that eo=f, that (ei)l:Si:S2, satisfies (8) and that e=e1 +e, (such a 
basis exists). Then the L(ei,-ej) span a space of dimension ~ n(n-1)= 
dim L( G) - 1. So g1 has codimension 1 in L( G). Let Xl be as in (9), with 
1(f)=I=O. One proves that this Xl cannot lie in gl (the proof being left to 
the reader), whence L(G)=gl +KXI • Since IEgl . e, this shows that 
gl . e=L(G) e. 14.10(i) and 14.11 now imply that dim L(H)=dim 91 and 
that L(G) e has codimension 1 in V. By 14.1O(ii) we have that L(H) has 
codimension 1 in 9. 
This concludes the discussion of the l-structures defined by quadratic 
forms. 

14.16. !/ =.It, (r ~ 1). 
V=M" the space ofrx r matrices. If X, YE<Gn.", let </>(X, Y) be the linear 
transformation of V defined by 

</>(X, Y)Z=XZy- l . 

It follows from 11.20 (see the proof of 12.7) that GO is the group of all 
transformations </>(X, Y). Since .It, is strongly simple it follows from 
14.13 that G1 =GO. 

Consider the homomorphism </> (of algebraic groups) of <Gn." x <Gn." 
into GL(V). We have </>(X, y)=id if and only if X = Y=X' id (xEK*). 

The differential d</> is the linear map g1, x g1, ~ End (M,) defined by 

(10) d</>(X, Y)(Z)=XZ -ZY. 

Clearly d</>(X,Y)=O if and only if X=Y=x·id (xEK), whence 
dim Ker </> =dim Ker d</>. Consequently </> is a separable homomorphism 
of algebraic groups (see [1, 17.3, p. 75]), and </> induces an isomorphism 
of algebraic groups of <Gn." x <Gn.,,1 A onto GO, where A is the subtorus 
consisting of all (x· id, X· id) (xEK*). 

By 4.6 it follows that HnGO is the group of all </>(X,X)(XE<Gn.,J 
An argument similar to the one just given shows that H n GO is isomor
phic to IP<Gn." (= <Gn." modulo its center) and is connected. 

Let hEH-HnGo. The inner automorphism IntH(h) of H defined 
by h then induces an outer automorphism of H n GO. Since the group of 
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inner automorphisms of IP<GILr has index 2 in the group of all auto
morphisms (in the sense of algebraic groups), as follows e.g. from [10, Cor. 3, 
p.24-04], we see that (H:HO)~2. 

One furthermore sees, using the explicit description of GO which we 
gave, that every coset of GIGO is represented by an element of HIHo. 
Since the transformation e: X~ IX is clearly in H, we have (G:GO)= 
(H:HO)=2. 

Consequently, G is the group of linear transformations generated by 
the ¢(X, Y) and e, and H is the subgroup generated by the ¢(X, X) and e. 
Also HI =Ho. 

We next discuss the Lie algebras. From the explicit description of GO 
we see that L(G) is the Lie algebra of all linear transformations d¢(X, Y) 
of the form (10). It is then clear that L(G) e= V. From 2.2 and §4, (4) we 
conclude that 

L(X, Y)Z=(XY)Z+Z(YX) (X, Y, ZEMr)' 

Let (ei) be the canonical basis of Mr. Then 

L(eik , ek)=d¢(eij, 0), L(ekj' eik)=d¢(O, -ei) (i=l=j), 

L(eij' eji)=d¢(eii , ejj) 

L(X,e)=d¢(X, -X). 

It follows from these relations that gl has codimension ~ 1 in L( G) 
and that L( G) = gl + K . id if p does not divide r. In the latter case we have, 
if moreover p =l= 2, that L(id, id) = 2 . id, whence L( G) = gl' It also follows 
that gl . e = V if p =l= 2. If p = 2 then 14.12 (iii) shows that g1 . e has codimen
sion 1 in V (by 2.4 the standard symmetric bilinear form is nondegenerate, 
so that the hypothesis of 14.12 is satisfied). 

If p=l=2 does not divide r, then we find from 14.1O(i) and 14.11 that 
91 =L(H)~L(1P<GILJ If p=2 the same follows. Application of 14.9 and 
14.7 (a) shows that if p =l= 2 or r =l= 2, 9 is spanned by L(H) and linear 
transformations DE9 which can be assumed to commute with all 
dcjJ(X, X), where X is a diagonal matrix. If p=l=2 divides r, then the last 
statement of 14.9 shows, using 14.11, that the same holds. 

It follows that there exist aijE K with 

From the fact that D commutes with all dcjJ(ekl> ek1) one concludes that 
all aij are equal, hence D is a scalar multiple of the identity. Since De=O, 
we have D=O. 

It follows that 9 = L(H) if p =l= 2 or r =l= 2. In the exceptional case: At2 in 
characteristic 2 we have that At2 ~ (()~.2 (see the proof of 12.7), and by the 
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discussion of 14.15 it remains true that ~=L(H). Hence this holds in all 
cases. 14.10 (ii) then shows that g=L(G). If p=l=2 divides r, one may check 
that L(H)=I= ~l> L( G)=I= gl· 

14.17. Y=!7,. (p =1= 2, r>2). 
V =~" the space of symmetric r x r matrices. From 11.20 we infer that 
GO is the group of linear transformations cp (X) (X E <GILr ) of V, with 

cp defines a homomorphism of algebraic groups <GILr ---> GO. Its differential 
is the homomorphism gIr ---> L( G) defined by 

(11) dcp(X)(Y)=XY+ y. IX. 

Since !7,. is strongly simple, 14.13 shows that Gl = GO. 
Since p =1= 2, it follows that dcp is bijective. Hence cp is separable and we 

conclude that cp induces an isomorphism of algebraic groups of <GIL,./{ ± id} 
onto GO. 

In a similar manner one sees that there is a separable surjective homo
morphism t/J of GO Ie onto IP<GILr . 

Let gEG-Go. The inner automorphism IntG(g) induces an auto
morphism of the algebraic group GO, and then t/J ° IntG (g) defines an 
automorphism of IP<GILr. It follows, using the fact that the coset of outer 
automorphisms of the algebraic group IP<GILr modulo inner auto
morphisms is represented by the one coming from the outer auto
morphism X H IX- 1 of <GILr (which we also used in 14.16), that we may 
assume that there exists a character X of <GILr such that 

g(X· IX) =g(cp (X) e)= x (X) cp(fX-l) g(e), 

or, putting A = g e, 

(12) 

for X E <GILr • 

Take for X the diagonal matrix diag(xb ... , xn) (XiEK*). Then there 
exists an integer d such that X (X) = (Xl ... Xn)d and one sees that (12) is 
only possible if r = 2, a case which we have excluded. Consequently G = GO. 

From 4.6 we see that H is isomorphic to the orthogonal group 
<Or= {X E<GILrIX . IX = 1}. Hence HO has index 2 in H. We have Hl =H. 

Next the Lie algebras. L(G) is the Lie algebra of the dcp(X) given by 
(11). It is obvious that L(G) e= V. By §4, (4) we have, using what was 
established in § 2 that now 

(13) L(X, Y)Z=(XY)Z+Z·I(XY). 
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Since, as one easily checks, every matrix is a sum of products of two 
symmetric ones, it follows from (13) that g1 contains all linear trans
formations of the form (11), whence g1 =L(G). By 14.1O(i) and 14.11 we 
see that ~1 = L(H). 

Now the algebraic group HO is isomorphic to a semisimple group of 
type Bl or C l . From 14.9 and 14.7(b) we see that ~ is again spanned by 
L(H) and linear transformations DE~ which centralize all <{J(X), where 
X is diagonal. An argument like the one given at the end of 14.16 now 
shows that ~=L(H). From 14.10(ii) we obtain that g=L(G). 

14.18. !/'=f/,. (p=2, r>2). 
We use the notations introduced at the beginning of 14.17. We can no 
longer apply 11.20 to identify GO. At any rate, we still have the homo
morphism <{J: CGLr ---+ GO. d<{J is no longer injective. One easily checks 
that Ker d<{J consists of the scalar multiples of the identity. 

As in 14.17 one sees that g1 consists of the linear transformations of 
the form d<{J (X). From what we observed about Ker d<{J it follows that 
g1 is isomorphic to L(IPCGLr). Hence dim g1 = r2 - 1. One establishes 
that the identity map of V is not of the form (11). 

We have g1 +K· idcL(G)cg. We shall show that g=g1 +K· id. It 
will then follow that g=L(G), dimG=r2 , which will imply that 
G= <{J(CGL.), 

So let DEg. Using 14.9 and 14.7(a) we see that we may assume D 
commutes with all d<{J(X). It then follows that ((ei) being the canonical 
basis oflMr } D stabilizes all subspaces K(eij+ ei) (H= j) of ~r and also the 
subspace of diagonal matrices. In particular, D stabilizes the space Ar of 
alternating r x r matrices and commutes with the action of g1 on A r • 

It follows that the restriction of D to Ar is a scalar multiple of the 
identity, which we may assume to be O. Hence DX is diagonal for all X. 
By 4.5 we have 

(14) DX2 =X(DX)+(DX)X +XD(e) X (XE~r)' 

from which one concludes, by taking X EAr that D(e) is a diagonal 
matrix such that X D (e) X is diagonal for all X EAr> which can only be 
if D(e)=O. 

(14) then implies that DX =0 for all diagonal X. Hence D=O. This 
establishes our claim that 9 = g1 + K . id. As we saw, this implies that 
GO is the group of <{J (X) (X ECGL.), The homomorphism t/J of GO IC onto 
IPCGLr of 14.17 is an isomorphism also in this case, and can again be 
used to establish G=Go. 

GO is now the product of its center and a quasi-simple group, from 
which one concludes as in the first paragraph of the proof of 14.13, 
that G1 =GO. 
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From what we have established so far, it follows that 91 has codimen
sion 1 in L( G). Since 91 . e is the space Ar of alternating r x r matrices, we 
conclude that L(G)e=Ar+Ke. Hence L(G)e has codimension r-1 in 
V and 91· e has codimension r. From 14.l0(ii) we see that dim 1)= 
dim L(H) + r -1. Consequently 1) 4= L(H), so that H is not smooth. 
14.10(i) shows that dim 1)1 = dim L(H)+r-1, whence 1)=1)1. 

Observe, finally, that in this case H is the subgroup of ([iILr which 
leaves invariant a nondegenerate, nonalternating symmetric bilinear 
form on K r x Kr. Such a group is a non-reductive linear algebraic group 
(as follows from [12, p. 20]). 

14.19. Y = d,. (r> 2). 
The discussion in that case is quite similar to that of the preceding cases. 
One first proves that G = GO, as in the case Y,. Moreover, H is isomorphic 
to the projective symplectic group JPS)P2r. 

If p4=2 then L(G)=9l> if p=2 then L(G)=F91 and L(G)=91 +K· id. 
We have L(G) e= V in all cases. If p4=2 then one finds, as in the case of 
Y" that 1)=L(H) and 9=L(G). If p=2 then, using 91~L(IP([iIL2r)' as in 
14.18, one proves that 9=L(G), whence 1)=L(H). 

14.20. Y = tff3 • 

We first recall some facts from Section 5. We have now V=(lM3)3. 
If x = (xo, Xl> X2), y = (Yo, Yl> h)E V then the standard symmetric 

bilinear form is given by 

a(x, y)=.(xo Yo + Xl Yt + x2 Y2), 

whence • is the trace in M 3. a is nondegenerate. 14.13 implies that 
G1 =GO. 

The standard automorphism ex: g ~ g' of G is given by 

(15) a(g x, g' x) = a(x, y). 

From 11.20 it follows that GO is the product of a simply connected quasi
simple algebraic group G' of type E6 and the center C. Since G' is the 
commutator subgroup of GO, it follows that ex stabilizes G'. 

Assume that exg=hg h- 1 for some hEG', for all gEG'. Put f(x, y)= 
a(x, h y). Then it follows from (15) that f(g x, g y)= f(x, y) (gEG'), which 
would imply that the representation of G' in V was equivalent to its 
contragredient. But the 27-dimensional irreducible representation of G' 
in V is not equivalent to its contragredient (as follows from the results 
established in [10, p. 20-10, p. 20-05]), hence we arrive at a contradiction. 
So ex is an outer automorphism of G'. 

One knows that the group of inner automorphism of G' has index 2 
in the group of all its automorphisms (in the sense of algebraic groups), 
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as follows from [10, Cor. 3, p.24-04]. It follows that IX represents the 
coset of outer automorphisms. Let hEG- GO, let P be the automorphism 
ofG' induced by IntG(h). We may then assume that P=IX. That G= GO now 
follows by an argument similar to the one used in 14.l7 to prove the 
corresponding assertion for 9;. 

By 12.3(iii) we know that G is the group of linear transformations 
which leave invariant the norm N of!/, which is a cubic form. It follows 
that the center G' = G' n C of G' is a cyclic group of order 3 if p =F 3 and is 
reduced to the identity if p = 3. Moreover G' = G n SL(V). 

We next study H. Let 

G~= {gEG'llXg=g}. 

From G = G' . C one concludes that G~ is also the group of all elements 
of G which are fixed by IX. Since Y is separable if char(K)=2 (see 7.9), we 
find from 7.l4 that H is of finite index in G~. 

We shall now establish that G~ is a connected group, which will 
imply that H = G~. In order to prove this fact, we shall invoke some results 
about automorphisms of semisimple group due to Steinberg. To be in a 
position to apply these results we have to discuss the root system of G'. 

14.21 The root system of G'. We keep the previous notations. Let S be 
the 2-dimensional diagonal torus in §IL 3 . Define a rational homo
morphism 4> of S3 into GL(V) by 

From 5.l2 we see that 4> (to , tb t 2 )E G, and since clearly 4> (to , t1, t2 )ESL(V), 
this is an element of G' = G n SL(V). 

Put T=4>(S3). This is a 6-dimensional torus in G', which must be a 
maximal one, since G' has rank 6. Observe that 

(17) 

as follows from what was established in 5.l2. 
We define characters xij (0;£i,j;£2) of S3 as follows. Let ti= 

Let X be the character group of T, which we identify with a subgroup of 
the character group of S3 (via the transposed of 4». 

It then follows from (16) that the weights of T in V are the characters 
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of T, where a(i):=i+ 1 mod 3. The corresponding weight space has di
mension 1, let Xijk be a nonzero vector in that space. 

Put p(O) = 1, p(1)=0, p(2)=2. By 4.4 we have 

L(xijk> xqrs)EL(G) 

and, using 1.16(i), one finds that 

where 
a = Xij - Xu (i). k + Xp(q), r - Xp(q), s' 

We shall now exhibit nonzero elements L(Xijk , Xqr.). Define linear 
maps <Pi: M3 ----+ V by <Po a=(a, 0, 0), <PI a=(O, a, 0), <Pz a=(O, 0, a). 

14.22 Lemma. Let a, bEM3 • 

(i) Ifab=t=O or ba=t=O then L(<Pla,<PZb)=t=O, L(<PZa,<Plb)=t=O; 
(ii) If there exists xEM3 with bxa=t=r(bx)a then L(<POa,<Plb)=t=O; 

(iii) If there exists xEM3 with axb=t=r(bx)a then L(<pza,<pob)=t=O. 

Using the notations of §5, it follows from §5, (7) and the definitions of 
L(x, y) z (see §4, (4)) that 

L(x,y) z=a(x, y) z+a(y, z) x- y x (x x z). 

From §5, (15) we find, if x=(xo, Xl' Xz)E V, 

L(<Pl a, <Pz b) X= -(haxo, Xl ab, y), 

for some YEM3 • This implies (i). The proofs of (ii) and (iii) are similar. 
14.22 shows that we have L(Xijk, xqrs)=t=O in the following cases: 

i=O, q= 1, j=t=q, 

i=2, q=O, k=t=r, 

i= 1, q=2, k=r or j=s, 

i=2, q= 1, k=r or j=s. 

As a consequence one finds that the following characters of Tare 
roots 

(O~i,j, k~2), 

-lXijk , 

fJijk= xij- Xik (O~ i, j, k~ 2, j =t=k). 

The number of these being 72, which is the number of roots of a root 
system of type E6 , we conclude that {lXijk, -lXijk, fJijk} is the root system 
L of G' with respect to T. From (17) we see that the automorphism IX 
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stabilizes T. Let a* denote the transposed map of the character group X 
of T. Then (17) implies that 

(18) { a*(aijk)=ajik' 

a*(/30jk)=/31jb a*(/30 jd=/31jk' a*(P2i)=/32jk' 

14.23 Lemma. afixes T and a Borel subgroup B ofG', containing T 

We have already seen that a fixes T. Put a1 =a100, a2=a110, a3=a212 , 
a4 = a001 , as = a12 2, a6 = ao lO · Then a* (a1)= a6, a* (a2)= a2, a* (a3) = as, 
a*(a4)=a4 (and (a*)2=id). One checks that a1 +a3, a2+a3, a3+a4, 
a4 + as, as + a6 are again in 1: and no other sums ai + aj (i * j). 

This implies that the Coxeter graph of the subsystem A = {al> ... , a6 } 

of 1:, as defined in 14.1, is the Dynkin graph of a root system of type E6 
(notice that the signs e"';<%i of 14.1 are now all 1, for with the notations of 
14.1, a i +aj E1: implies that (a;l a)< 0). By 14.2 it follows that A is a basis 
of 1:. 

Since a* stabilizes A, the corresponding set 1:+ of positive roots is 
also stabilized by a*, which implies that a fixes the Borel subgroup 
B::J T defined by 1:+. This proves 14.23. 

Remark. The use of 14.2 can be avoided by establishing explicitly that A 
is a basis of 1:. 

14.24 Determination of H. By a theorem of Steinberg [30, Th. 8.2, p. 52] 
one knows that a is an automorphism of a connected, semisimple, simply 
connected linear algebraic group G' such that a fixes a Borel subgroup 
B of G' and a maximal torus T c B, then the group of fixed points G~ is a 
connected reductive group. By 14.23 we are in these circumstances here, 
consequently G~ is connected and, as we saw before, this shows that 
H = G~ is connected. Observe that dim H = dim G = dim V = 79 - 27 = 52. 

From [30, Remark 8.3 (a), p. 56] we see that a maximal torus of H is 

J:={tETlat=t}. 

Using the explicit form of a*, given by (18), one finds that dim J:=4. 
Hence rank H = 4. 

Let R = X ®z1R., then 1: c R, A c R. a* induces an automorphism of 
R, also to be denoted by a*, fixing A and 1:. Equip R x R with a positive 
definite scalar prod uct, invariant under the Weyl group. Let V' be the 
set of fixed points of a* in V. 

There exists a root system r in V' such that the root system of H 
with respect to J: is isomorphic to a subsystem of r. See [30, Remark 
8.3(a), p. 56], 1:' is defined in [Ioc.cit., 1.32, p. 15]. 

The rule for finding a basis of r, given in [loc.cit., 1.30, p. 14] shows 
that r is a simple system of type F4 , hence 1:' has 48 elements. Conse-
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quently the root system of H with respect to Ya has at most 48 elements. 
But since dim H = 52, it follows that};' equals the latter root system. 
Hence H is a connected semisimple group of type F4 . 

14.25. We finally discuss the Lie algebras in the case of $3' We first 
establish that L(G)e= V. If p=l=2 then since a is nondegenerate, 14.12(ii) 
shows that 91' e= V, whence L(G) e= V. 

If p=2 then 91 . e has codimension 1 by 14.12(iii). It also follows from 
the proof of 14.12, using §3, (10), that a(g1 . e, e)=O. As a(e, e)=3, this 
shows that e¢91 . e. But since eEL(G) e (for the identity is in L(G»), we 
again have L(G) e= V. 

14.26 Lemma. (i) L(G)/L( C) is a simple Lie algebra if p =l= 3; 
(ii) L(H) is a simple algebra if p =l= 2. 

The derived group G' of G is a quasi-simple group of type E6 and G= 
G'· e. If p=l=3 we have that G' n e has order 3. Consequently the can
onical morphism G' -> G/e is then separable, whence L(G)/L( e)~ L(G'). 
The latter is one of the Lie algebras introduced by Chevalley in [9]. 

It is known that in the present situation (p =l= 3, type E6 ) such an 
algebra is simple. This is proved in [29, 2.6(5), p. 1120J, the assumption 
p=l=3 coming in to establish that L(G') has no center. L(H) is a Lie algebra 
of Chevalley's kind of type F4 . The same reference gives that (ii) holds. 

We can now determine 91' It is an ideal in L(G), which contains 
L(C) if p=l=2 (since L(e, e)=2·id). In all cases, 91 +L(C)/L(C) is a nonzero 
ideal in L(G). By 14.26(i) it follows that 91+L(C)=91+K·id=L(G) 
if p =l= 3. If p =l= 2, 3 we even have 91 = L( G). 

14.11 shows that ~1 is an ideal in L(H), which is nonzero (one easily 
produces, by using the formulas describing $3' two elements x, yE V 
with L(x,y)=l=O, L(x,y)e=O). Hence 14.26(ii) shows ~1=L(H) if p=l=2, 
in particular if p = 3. It now also follows that ~1 = L(H) in all cases (use 
14. 10 (i»). It also follows that 91 =L(G) if p=l=2. 

Finally we establish that 9=L(G). Let DE9. By 14.9 we may assume 
that D induces a derivation of L(G) which commutes with all Ad (t) 
(tE T, a maximal torus of G). Application of 14.7 (c) then shows that such 
a derivation is inner. Hence we may assume that D commutes with L(G). 
But the action of the derived group G' in V is infinitesimally irreducible, 
i.e. L(G') acts irreducibly in V(as follows from [2,6.4, p. 42], applied to the 
27-dimensional representation of G' in V). Hence D must be a multiple 
of the identity, whence DEL(G) and 9=L(G). By 14.10(ii) it follows that 
L(H)=~. 

This concludes the case by case discussion of the various simple 
J-structures. We collect some of the results established in that discussion 



§ 14. The Structure Group of a Simple J-structure 155 

in the next theorems. We keep the previous notations. Recall that G is 
smooth if 9=L(G), similarly for H. 

14.27 Theorem. Let Y' be a simple J-structure. 
(i) G is reductive and smooth; 

(ii) HO is semisimple if and only if Y' is strongly simple and not of type 
(lJ2, 3; 

(iii) H is smooth if and only if Y' is strongly simple. 

14.27 (iii) is of importance for the treatment of rationality problems to be 
given in the next section. 

14.28 Theorem. Let Y' be a simple l-structure. 
(i) Assume that p =1= 2 and that Y' is not of type An with p dividing r. Then 
L(G)=91. In the excepted cases 91 has codimension 1 in L(G); 
(ii) If g' is strongly simple and not of type Ar with p =1= 2 and p not dividing r, 
then l)=L(H)=Ih. In particular, all derivations of g' are then inner. 

14.29. Let g' = (V, j, e) be a simpleJ -structure with inner structure group G 1 . 

We know, by 14.13 and the remark following it, that G1 is the identity 
component GO of the structure group G. By 14.27 (i), G1 is reductive. 

Let A be the algebraic group constructed from Y' in 2.25 (there 
denoted by G). The assumptions (I) and (II) of 2.25 are satisfied here, 
hence A is a reductive group, which is in fact semisimple and adjoint. 
We shall identify A in the various cases. 

First observe that from the construction of 2.25 it follows that A 
contains a parabolic subgroup Q isomorphic to the semidirect product 
G1 · V(G1 acting on Yin the natural way). Let Tbe a maximal torus ofGt> 
let 1: be the root system of A with respect to T. Fix an ordering of 1: such 
that the corresponding Borel subgroup of A is contained in Q. Let Ll be 
the basis of 1: defined by the ordering. 

Since the center C of G1 is 1-dimensional (viz. the torus of nonzero 
scalar multiplications of V), it follows from the explicit description of 
standard parabolic subgroups given in [4, p. 85-86J that there is a root 
ocELl such that Q is the standard parabolic subgroup ~-{a} defined by oc. 
Q is a maximal parabolic subgroup of A. 

14.30 Lemma. A is a quasi-simple linear algebraic group. 

We have G1 =LC, where L is either semisimple, or reduced to the neutral 
element (namely if g' ~ AI). Assume first that L is quasi-simple. From the 
description of parabolic subgroups it then follows that either A is quasi
simple or A is isogeneous to a product B x ~IL2' where B is quasi
simple. 
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In the second case L is isogeneous to B. Then dim A = dim B + 3 = 
dimL+3=dim GI +2. But from the construction of 2.25 we see that 
dimA=dimGI +2dim V. Hence we had dim V=1, //'::::!..Ab a con
tradiction. 

If L is not quasi-simple, then either // '::::!..AI , in which case A is 
isomorphic to IP~IL2 (hence simple) or // '::::!..A, with r> 1. Then L is 
isogeneous to ~IL, x ~IL,. Again using the decription of parabolic 
groups, we see that A is isogeneous to a product B x ~IL" where B is 
either quasi-simple, or B=~IL2' In this case, dim A =dim GI +2 dim V= 
4r2-1, and rank A=2r-1. Hence dimB=3r2, rank B=r. 

A check of the list of simple algebraic groups shows that for r> 1 a 
quasi-simple B with rank 2 and dimension r2 does not exist (see [10, 
expose 19]). If B is not quasi-simple, then B=~IL, x ~IL, and dimB= 
r2 + 2, which cannot be equal to 3 r2 for r> 1. Hence A is quasi-simple in 
all cases, which establishes 14.30. 

14.31. We can now determine completely the structure of A. By 14.30 
and by what we observed in 2.25, we know that A is an adjoint simple 
linear algebraic group. The structure of A is then completely determined 
if its type, i.e. that of the root system E, is given. 

The type of A is listed below. We also have listed in the various cases, 
the root o(EL1 which determines the parabolic group Q=~_{,,}. The 
numbering of the roots of L1 is as in [7, p. 250-274]. 

Type of g> Type of A 0( 

.,II, (r~l) A2 , 0(2 

f/,. (r~2) C, 0(, 

.91, (r~3) D 2 , C(2r-l or (X2r 

83 E7 0(7 

m,.,. ('b~(K).2, "3)l D,+1 0(1 
l!J~., (char(K)=2, r~3) 
l!J2 ,2H1 (char(K)9=2, r~2) 

B,+1 0(1 
l!J~" (char(K)=2, r~2) 

The proof of the results contained in this list is easy. First one determines, 
for each particular 9; the dimension and the rank of A, which are given 
by dimA=dimGI +2dimV, rank A=rank GI . GI (=GO) is described 
above, in the various cases. Except when // =!/,., one checks, using the 
classification of simpk algebraic groups, that dim A and rank A determine 
the type of A uniquely. 

If // =!/,., the classification shows that A is either of type B, or of 
type Cr. In that case GI is isogeneous to <GIL,. Let T be the torus in GI 

defines by the diagonal torus in <GIL,. The weights of T in V, considered 
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as roots of 1:, can only occur in a root system of type Cn so that A must 
be of type Cr. 

The type of L determines the root o(EL1 uniquely, except when!/ =.91,. 
Then we have the two possibilities shown above, related via the outer 
automorphism which interchanges 0(2,-1 and 0(2,. 

Notes 

In the literature on Jordan algebras results like 14.27 and 14.28 are proved under restrictive 
assumption on char (K). For example, it is established in [8, IX, 3.7, p. 285], by a considera
tion of Killing forms, that in characteristic 0 the derivation algebra of a simple Jordan 
algebra A of dimension> 3 is semisimple, from which it follows that then the automorphism 
group of A is also semisimple. 
For derivations of Jordan algebras see also [14, p. 253-258]. It is likely that 14.27(i) admits 
a converse, viz. that [/' is simple if G is reductive and smooth. 
In the course of the case by case discussion given in §14 we have also determined the number 
of components of G and H. In characteristic 0 this was done in another way in [13]. 
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15.1. Let k be a subfield of K. We denote by ks a separable closure of k, 
contained in K. Put p=char(K). 

Y' = (V,j, e) denotes a J-structure which is defined over k. Another 
such J-structure Y" = (V',j', e') is called a k-form of Y' ifit is K-isomorphic 
to y. 

Let H be the automorphism group of Y. If H is smooth in the sense 
of 4.9 it follows by 4.13 that a k-form Y" of Y' is already ks-isomorphic 
to Y. This permits the use of Galois cohomology. We recall some facts 
about this. For more details see [27]. 

15.2. Let V be a vector space which is defined over k. Let H be an algebraic 
subgroup of GL(V), which is defined over k. We recall the definition of 
the I-cohomology set Hl(k, H). 

Let r be the Galois group of ks/k. This is a profinite group, which 
acts continuously on the group H(ks) of ks-rational points of H (provided 
with the discrete topology). A l-cocycle z of r in H(ks) is a continuous 
function s f--+ Zs of r into H (ks), such that 

Two cocycles Z and z' are equivalent if there exists hE H (ks) with 

z~=h-l zs·(sh). 

The corresponding set of equivalence classes is denoted by Hl(k, H). 
This set has a priviliged element 0, coming from the constant cocycle 
zs=l. We have Hl(k, GL(V))=O (see [27, Lemma 1, p. III-3]). 

The classification of k-forms of J-structures with smooth automor
phism group is now given by the following result. 

15.3 Proposition. Let Y' = (V,j, e) be a J-structure which is defined over k, 
whose automorphism group H is smooth. Then H is defined over k. There 
is a bijection of the set of k-isomorphism classes of k-forms of Y' onto 
Hl(k, H). 
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That H is defined over k was already established in 4.12. The last point 
is an example of a well-known principle, see [27, p.III-1]. We shall 
sketch the proof. 

Let I be the set of isomorphism classes occurring in the assertion. 
Assume that [Il' = (V',j', e') is a k-form of!/, We may assume that V' = V. 
As we already observed in 15.1, there is an isomorphism g of [Il onto [Il' 
with gEGL(V)(ks). 

Let r be, as before, the Galois group of ks/k. Put Zs = g-I . (s g) (SE r). 
Then z is a 1-cocycle of r in H(ks), whose class depends only on the class 
of [Il' in I. This gives a map rt.: I ~ HI (k, H), which is readily seen to be 
injective. 

If z is an arbitrary 1-cocycle of r in H (ks), there is, since 
HI(k,GL(V))=O, an element gEGL(V)(ks) with zs=g-I·(sg). We have 
s(g e)= g e(sEr), whence geE V(k). 

Put e' = g e and 
j' =gojog-I. 

It follows that j' is a birational map of V, which is defined over k and that 
[Il' = (V',j', e') is a k-form of [Il whose isomorphism class is mapped by rt. 

onto the cohomology class of z. This proves the bijectivity of rt.. 
The aim of this section is to describe the k-forms of strongly simple 

J-structures. We first deal with the easy case of simple J-structures of 
degree 2. 

15.4 Proposition. Let [Il be a simple J -structure of degree 2 which is 
defined over k. There is a quadratic form Q on V, defined over k such that 
Q (e) = 1 and such that [Il is k-isomorphic to the J-structure J' (V, Q, e). 

The latter f-structure was defined in §2. The proof of 15.4 is contained 
in 5.1, except for the assertions about k. These follow at once from what 
we established in 5.1. 

15.5 Simple algebras with involution. We next recall some facts about 
simple algebras with involution. A simple algebra with involution is 
an algebra with involution (A, p) in the sense of 2.7 such that A has no 
nontrivial p-stable twosided ideals. It is known that one then has the 
following possibilities for (A, p), up to K-isomorphism: 
(a) A=MrEBM" p(X, y)=ey, tX), (0 1) 
(b) A=M2"pX=S·tX·S- I ,whereS= -1 ~ {lr=identitymatrix), 
(c)A=M"pX=tX. r 

This is proved in [33J (the restriction on the characteristic made 
there is unnecessary), see also [15, Ch. OJ for a more general case. 

If (A, p) is a simple algebra with involution then the J-structure 
/(A, p) discussed in 2.8 is defined, and is isomorphic to At" g,., .;;1,., 
respectively, in the three cases just mentioned. 
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We shall say that a simple algebra with involution is strongly simple 
if either p * 2 or if p = 2 and we have one of the above cases (a), (b). 

The automorphism group of (A, p) is in the three cases as follows: 
(a) the group oflineartransformations (X, Y)f--+ (TX· T-t, eT)-1. X· tT), 
with TE<Gll..." 
(b) the group of linear transformations Xf--+TXT-t, with T in the 
symplectic group §P2r= {TE <Gll...r I TS· tT= S}, 
(c) the group of linear transformations X f--+ TXT -1 with T in the 
orthogonal group <Dr= {TE <Gll...r I T· tT= 1}. 

The next theorem now gives the k-forms of strongly simply J-struc
tures of degree> 2, which are not exceptional, i.e. not isomorphic to tff3 • 

15.6 Theorem. Let Y be a non-exceptional strongly simple J-structure of 
degree > 2, which is defined over k. Then there exists a strongly simple 
algebra with involution (A, p), defined over k, such that Y is k-isomorphic 
to /(A, p). 

Y is isomorphic to either A" d r or g;. (the latter only if p * 2). Let 
(A', p') be a strongly simple algebra with involution over k, of one of the 
3 types of 15.5, such that Y~/(A',p/). The results discussed in §14 and 
in 15.5 show that the automorphism group of Y can be identified with 
that of (A', p'). 15.6 then follows, by an argument of the same kind as 
that used to prove 15.4. The details are left to the reader. 

15.7. Let (A, p) be a simple associative algebra with involution, defined 
over k. We say that this is a simple algebra over k with an involution p of 
the second kind if (A, p) is in case (a) of 15.5 and if the algebra A(k) of k-ra
tional points is a simple algebra, whose center is a separable quadratic 
extension I of k. p then induces an involution of A (k), which extends the 
nontrivial automorphism of Ilk. We then have the following consequence 
of 15.6. 

15.8 Corollary. A k-form of Ar is either k-isomorphic to a J-structure /(A), 
where A is a simple associative algebra over k or to a J-structure /(A, p), 
where (A, p) is a simple algebra over k, with an involution p of the second 
kind. 

This follows from 15.6, using familiar facts about the k-classification of 
simple algebras with involution of case (a), see [33]. 

We finally discuss the exceptional J-structures. We shall prove the 
following result, due to Tits, about their k-forms. We use the notations 
of 5.13 and 5.16. 

15.9 Theorem. Let Y = (V, j, e) be a k-form of the exceptional J -structure tff3 . 

Then Y is k-isomorphic to an exceptional J-structure of the first kind or 
of the second kind, which is defined over k. 
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Let H be the automorphism group of tff3 . We know from 14.24 that H 
is a connected semisimple group of type F4 . Assume first that k is a finite 
field. Since H is connected, we have Hl(k, H)=O, by a well-known 
theorem of Lang, see [27, p. III-14J. 15.3 then shows that Y' is k-iso
morphic to tff3' which establishes 15.9 in this case. Hence we can assume 
from now on that k is an infinite field. 

We use the notations introduced in 5.2. In particular, N is the norm 
of Y' and n the quadratic map V--+ V which is the numerator ofj. We then 
have the following formulas 

(1) 

(2) 

(3) 

n x x ny+n(x x y)=N(x, y) y+N(y, x) x, 

nx x (x x y)=N(x) y+N(x, y) x 

x x (nx x y)=N(x) y+a(x, y) n x, 

where a is the standard symmetric bilinear form of Y', introduced in 1.11. 
These are formulas (10), (11) and (12) of §5. 

Another formula we need is 

(4) x x n X= - a(e, x) n x-a(e, n x) x+(a(e, x) a(e, n x)-N(x)) e. 

(4) follows by using 8.3, which shows that we have 

x3 =N(e, x) x2 -N(x, e) x+N(x) e, 

and using § 5, (7) (with y = e and y = x). 
Let x, yE V. There is a smallest substructure Yx,y of Y' containing e, 

x and y. From (1), (2) and (3) one sees that Yx,y is spanned by the elements e, 
x, y, n(x), n(y), x x ny, n x x y, x x y, n x x ny. Hence dim Yx,y~9. More
over, we have dim Yx,y=9 for suitable x, y. 

In fact, Y' is isomorphic to tff3' which contains A3 as a substructure 
and it is easily seen that A3 can be generated by 2 elements. Also, for a 
suitable choice of x and y we have that Yx,y is a J-structure of degree 3, 
with a nondegenerate irreducible norm (viz. the J-structure A3)' 

It follows that there exists a nonempty open subset U of V x V such 
that for (X,y)EU the substructure Yx,y is a J-structure of degree 3 and 
dimension 9, with a nondegenerate irreducible norm. By 13.8 it then 
follows that Yx,y is simple, and it can then only be isomorphic to A3 
(use 13.6). Since k is infinite we may choose x and y to be in V(k). Then 
Yx, y is a k-form of A 3 . These are described in 15.8. 

First assume that Yx,y is isomorphic to f(A), where A is a simple 
associative algebra, defined over k. We then identify Yx,y with A, so A is 
nowak-subspace of V and j a=a- 1 if a is an invertible element of A. 
The restriction of N to A must be the norm of f(A). From 2.4 we then 
see that the restriction of a to A x A is nondegenerate. 
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Let Wbe the orthogonal complement of A with respect to a, i.e. 

W= {XE VI a(x, A)=O}. 

If aE A, define a linear transformation ¢ (a) of W into V by 

¢(a)x=-axx (XEW). 

From §5, (5) it follows that this defines a linear transformation of W 
into itself. Moreover §5, (7) implies that ¢(e)=id. From (3) it follows 
that if aE A is invertible, ¢ (a) is an invertible linear transformation 
of Wand that then 

We conclude from 2.6 that there is a direct sum decomposition 
W = 111 E£> V2 , with 

1I1={xEWI¢(ab)x=¢(a)¢(b)x if a,bEA}, 

V2={xEWI¢(ba)x=¢(a)¢(b)x if a,bEA}, 

moreover 111 and V2 are defined over k. 
Next we prove that a(V;, V;)=O (i = 1,2). Let a, bEA, x, YE 111. Using §5, 

(5) we find that 

a ((a b) x x, y)= - a(a x (b x x), y)= - a(x, b x (a x y)) 

= a(x, (b a) x y) = a((b a) x x, y). 

Hence a ((a b - b a) x x, y) =0 and it follows that 

a(¢(a) x, y)=O 

for all aEA with trace O. For an invertible a with this property we have 
that the map x 1--* ¢(a) x is bijective. This implies that a (111 , 111) = 0, 
and similarly a(V2' V2) = O. 

Since a is nondegenerate it follows from a (111 , A) = 0, a (111, 111) = 0 that 
for nonzero yE V2 the linear function x 1--* a(x, y) on 111 is nonzero. 
Hence dim V2 ~ dim 111, and also dim V2 ~ dim 111, so that dim 111 = 
dim V2=9. 

The simple associative algebra A acts in 111 by (a, x) 1--* ¢ (a) x and 
it is well-known that this action is completely reducible (over K). Hence 111 
can be decomposed into the direct sum of 3 A-stable subspaces of 
dimension 3, in each of which the action is isomorphic to that ofM3 in K3. 
It then follows that there exists V1 E 111 such that the map a 1--* ¢(a) V1 of A 
into 111 is injective. 

Let x, yE Vi, aEA. Then a(x x y, a)=a(x, a x y)=O. Hence V; x Vic: W 
If p=l=2 we have n x=t x x XE W, whence n Vic: W We shall prove this 
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also for p=2, more precisely we shall show that (in all cases) n Vic V2, 
nV2 cVi· 

From (4) we obtain, if XE Vi, aEA 

a x nx+x x (x x a)= -u(e, a) nx-u(e, nx) a 
(5) 

+ (u(e, a) u(e, n x)- u(n x, a)) e, 

whence using §5, (5) and u(Vi, Vi)=O, 

(6) 
u(a x b, n x) = - u(e, a) u(b, n x) - u(e, n x) u(a, b) 

+ u(e, a) u(e, b) u(e, n x) - u(e, b) u(a, n x), 

if XE Vi, a, bEA. 
Now from 8.2(i) we obtain that 

na=a2 -u(e,a)a+u(na,e)e (aEA), 
and 

(7) a x b =a b +b a- u(e, a) b - u(e, b) a+ (u(e, a) u(e, b)- u(a, b)) e 

(using exa=-a+u(e,a)e). Putting this into (6) we see that 

(8) u(nx,ab+ba)=O (xEVi, a,bEA). 

Let c be the component of n x in A. It then follows readily from (8) 
that c must be a multiple of e. Hence there is a quadratic form Q on Vi 
such that n x - Q (x) eE W. 

From (3) we obtain, if a, bE A, XE V1 that 

a x (b x nx)+x x (b x (a x x))=u(a, nx) b+u(a, b)nx. 
Now 

xx(bx(axx))= -xx((ba)xx), 

using (5) we then obtain 

a x (b x n x)= -ba x n x+u(n x, a) b-u(e, n x) b a 

+(u(e, b a) u(e, n x) - u(n x, b a)) e. 

This implies that nx-Q(x)eEV2 • Moreover, if Q(xHO for some 
XE Vi, it would follow that 

a x (b x e)= -ba x e+u(e, a) b-u(e, e) ba+2u(e, b a) e. 

Using that we must have p=2 it then follows from (8) that ab=ba for 
all a, bE A, a contradiction. Hence Q = 0 and n Vi c V2 • Similarly n V2 c Vi. 
Since u(Vi x V2 , Vi)=u(V2, Vi x Vi)=O, we have Vi x V2 cA. 

Now let V1 E Vi be such that a I--> cjJ(a) V1 is injective map of A onto Vi. 
Such V 1 exist, and since k is infinite we may and shall assume that V1 E Vi (k). 



164 § 15. Rationality Questions 

If aEA is then such that a(a, Vl x V2)=0, we have a(a x Vl, l'2)=0, 
whence ¢(a) Vl = -a x Vl =0. Hence a=O. It follows that Vl x V2 =A. 

Now we have for all XE V that 

N(nx)=N(xf, 

as was established in the beginning of the proof of 5.5. This implies, by a 
straightforward computation which we omit, that 

N(x x y) = - N(x) N(y) + a(n x, y) a(x, n y). 

Take Vl as before in -r-t, and let XE V2. Then, since n lit c V2, n V2 c -r-t, 
a(~, ~)=O, we find 

N(Vl xx)= -N(vl)N(x). 

Since Vl x V2=A, we may take x such that N(Vl x x)=l=O. It follows that 
N(vl ) =l=0. Put O(=N(vl) and let V2 = 0(-1 n Vl. Then V2 E V2 (k) and N(v2) =l=0. 
Moreover, by (4), 

Since by (3) we have 

Vl x(nvl xa)=N(vl)a, 

it follows that V2 = ¢ (A) V2 . We have 

N(¢(a) vl )= O(N(a), N(¢(a) V2)= 0(-1 N(a). 

It follows that we have, if xo, Xl' x2 E A, 

N(xo +¢(xl) Vl + ¢(x2) v2)= N(xo)+ O(N(xd + 0(-1 N(X2) 

+a(¢(xl ) Vl x ¢(x2) V2' xo). 

The last term equals, using §5, (5) and the definitions of -r-t and V2 , 

a((xl x vl ) x (X2 x V2), xo) = a(xl x Vb Xo X (X2 x V2)) 

= - a(xl x V2, (X2 xo) x V2) = a(vl , (Xl X2 xo) x V2) 

= a(Vl x V2, Xl X2 xo) = - a(e, Xl X2 xo)= - r (xo Xl x2), 

where r is the trace in A. 
Consequently, 

(9) N(xo + ¢(xl ) Vl + ¢(X2)V2)=N(xo)+O(N(xl )+0(-1 N(x2)-r(xOxl X2), 

which shows that N is as in §5, (14). Sincej is completely determined by 
Nand e (see 12.3 (iv)), it follows that !J7 is k-isomorphic to the exceptional 
J-structure of the first kind C3 (A, O() defined in 5.13. 

We have now dealt with the case that the substructure Yx,y of the begin
ning of the proof of 15.8 is k-isomorphic to some ),(A), A a simple asso-
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ciative algebra over k. There remains the case that Yx. y is k-isomorphic 
to a J-structure cf(B, p), where B is a simple algebra over k with an in
volution p of the second kind. 

Then there is a separable quadratic extension I of k, contained in K, 
and a simple associative algebra A defined over I and K-isomorphic 
to M 3 , together with an involution I of A which is defined over I, such that 
B=A(£lA and that p(at>a2)=(la2, lal ). I is the center of B(k) and p 
extends the nontrivial automorphism x H x' of Ilk. We have that Yx. y is 
I-isomorphic to cf(A), hence over I we are in the situation just discussed. 

Consider V(I). We may then identify V(I) with A (1)3, the norm N 
being given by (9), where a is a suitable element of 1*. The automorphism 
XH x' of Ilk defines a similar semi linear automorphism of V(I), to be 
denoted in the same way. Remark that (xo,o,o),=(pxo, 0,0) (xoEA(I»). 

We claim that with ~ and Vi as before, we have ~ (I)' = V2 (I), V2 (I)' = 
~ (I). Let for example x E ~ (I), a, bE A (I). Then 

a x (b x x')= (p(a) x (p(b) x x))' = -(p(b a) x x)' = -(b a) x x', 

whence ~ (I)' = V2 (I). 
Put (0, 1,0),=(0,0,u). Since N(x)'=N(x'), we find that N(u)=aa'. 

Also, we have (0,0, 1)' = (0, v, 0) and using (0,0, 1) x (0, 1,0) = - (1,0,0) 
one finds that v=u- l . Since (0, 1,0)=(0,0,u')=(0,u' u-l, 0), we have 
u'=u. 

It then follows that, if XiEA(I), we have 

(xo, Xl' x2)' =(p xo, p(x2) u- l , u p(xl »). 
Since 

V(k) = {XE V(I)I x' =x} 

we have that V(k) can be identified with Bo(k)(£lB(I), where Bo= 
{xEBlpx=x}. Moreover, the norm on V(k) is then given by 

N(xo +x)=N(xo)+aN(x)+a' N(x')-r(xo xu x'). 

This shows that on V(k) the norm is given by a formula of the form of 
§5, (21). Since k is infinite, this determines N on V. We conclude, using 
12.3 (iv), that f:f' is isomorphic to the J-structure of the second kind 
tff3 (B, p, u, a) of 5.16. This finishes the proof of 15.9. 

Notes 

For the classification of special (=non-exceptional) Jordan algebras over a field of charac
teristic not 2, due to Jacobson, see [14, Ch. V, Theorem 11, p. 210]. For the characteristic 2 
case see [14, p. 3.59]. 
Tits' proof of 15.9, which is unpublished, is more group theoretical than the one given 
here, which is an adaptation of a proof of McCrimmon, given in [24]. 
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